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We optimize fault-tolerant quantum error correction to reduce the number of syndrome bit
measurements. Speeding up error correction will also speed up an encoded quantum computation,
and should reduce its effective error rate. We give both code-specific and general methods, using
a variety of techniques and in a variety of settings. We design new quantum error-correcting
codes specifically for efficient error correction, e.g., allowing single-shot error correction. For codes
with multiple logical qubits, we give methods for combining error correction with partial logical
measurements. There are tradeoffs in choosing a code and error-correction technique. While to date
most work has concentrated on optimizing the syndrome-extraction procedure, we show that there
are also substantial benefits to optimizing how the measured syndromes are chosen and used.
As an example, we design single-shot measurement sequences for fault-tolerant quantum error cor-
rection with the 16-qubit extended Hamming code. Our scheme uses 10 syndrome bit measurements,
compared to 40 measurements with the Shor scheme. We design single-shot logical measurements as
well: any logical Z measurement can be made together with fault-tolerant error correction using
only 11 measurements. For comparison, using the Shor scheme a basic implementation of such a
non-destructive logical measurement uses 63 measurements.
We also offer ten open problems, the solutions of which could lead to substantial improvements of
fault-tolerant error correction.
I. INTRODUCTION
In quantum error correction, substantial work has gone
into devising ways for measuring code stabilizers efficiently
and fault tolerantly. Less work has gone into how to
use those syndrome bits efficiently. That is, how can
error correction be performed using as few as possible
stabilizer measurements, in the case that faults may occur
during stabilizer measurement and when the syndrome
bits themselves may be faulty? Which stabilizers should
be measured, how many times, and in what order? Since
fault-tolerant quantum error correction is so challenging
to implement, it is important to optimize it.
Figure 1 gives a toy example to illustrate the problem.
The issue of choosing which stabilizers to measure does not
typically arise for topological codes [DKLP02, BMD06,
FMMC12], because then the measured stabilizers are cho-
sen based on geometry, and all are measured, either in
parallel or close to it. But for block codes, there are many
options. Shor’s foundational work [Sho96], for example,
suggests repeating full syndrome extraction Ω(d2) times
in a row, for distance d. Bomb´ın [Bom15] has shown that
for some specific, highly structured codes, “single-shot”
error correction is possible, meaning each stabilizer gener-
ator is measured only once. Delfosse et al. [DRS20] have
studied fault tolerant error correction for high-distance
codes, and show that O(d log d) stabilizer measurements
suffice for any code with distance d ≥ nα for a constant
α > 0. In fact, in some cases, the number of stabi-
lizer measurements can be substantially “sub-single-shot”:
exponentially fewer measurements are needed than the
number of parity checks.
Other research has focused on low-distance codes, as we
will here. In an under-appreciated paper, Zalka [Zal97]
studied adaptive Shor-style error correction for the [[7, 1, 3]]
Steane code. For X error correction, Zalka extracts
between four and eight Z syndrome bits. (Zalka also
considers applying multiple logical gates between error-
correction steps, or even partial error-correction steps.)
Using a technique very different from Shor-style error cor-
rection, Steane measures all Z stabilizers simultaneously,
and if the result is nontrivial measures an additional ρ− 1
full syndromes, where ρ is optimized for each code, for
example ranging from ρ = 3 for the [[7, 1, 3]] Steane code
to ρ = 4 for the [[23, 1, 7]] Golay code [Ste03, Table I].
We, too, focus on small codes with distance d ≤ 7. Such
codes could be practical for near-term quantum devices.
We show, for example, that for CSS codes, mixing X
and Z error correction can be more efficient than running
them separately. For the [[7, 1, 3]] code, e.g., seven stabi-
lizer measurements suffice for X and Z error correction
together, versus ten measurements running them sepa-
rately (Fig. 2 and Proposition 4). Shor’s method requires
up to 24 measurements, in comparison. Figure 3 shows
more examples.
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1
<latexit sha1_base64="uiHmhPEiaG8GLKRpx+bdZsybwbE=">AAAB93icbVDLSgNBEOyNrxhfq14EL4u JIB7CbhT0ZsCLxwjmAUkIs5PZZMjsg5lecVnir3gR8aLgX/gL/oWf4GSTSxILBorqnq7uciPBFdr2j5FbWV1b38hvFra2d3b3zP2DhgpjSVmdhiKULZcoJnjA6shRsFYkGfFdwZru6HZSbz4yqXgYPGASsa5PBgH3OCWop Z551MlmpK4gdDQudJA9YVpySuOeWbTLdgZrmTgzUrz5hQy1nvnd6Yc09lmAVBCl2o4dYTclEjkVTI+OFYu0CRmwNPMcW6da6lteKPUL0MrUuT7iK5X4ru70CQ7VYm0i/ldrx+hdd1MeRDGygE6NvFhYGFqTEKw+l4yiSD QhVHK9oUWHRBKKOqqCPt1ZPHSZNCpl56Jcub8sVs+nGUAejuEEzsCBK6jCHdSgDhSe4RU+4NNIjBfjzXiftuaM2Z9DmIPx9QdHIZNt</latexit>
2
<latexit sha1_base64="/aOYy4E3Xqg/Kv2uys8R5eWxICc=">AAAB93icbVDLSgNBEOyNrxhfq14EL4u JIB7CbhT0ZsCLxwjmAUkIs5PZZMjsg5lecVnir3gR8aLgX/gL/oWf4GSTSxILBorqnq7uciPBFdr2j5FbWV1b38hvFra2d3b3zP2DhgpjSVmdhiKULZcoJnjA6shRsFYkGfFdwZru6HZSbz4yqXgYPGASsa5PBgH3OCWop Z551MlmpK4gdDQudJA9YVqqlMY9s2iX7QzWMnFmpHjzCxlqPfO70w9p7LMAqSBKtR07wm5KJHIqmB4dKxZpEzJgaeY5tk611Le8UOoXoJWpc33EVyrxXd3pExyqxdpE/K/WjtG77qY8iGJkAZ0aebGwMLQmIVh9LhlFkW hCqOR6Q4sOiSQUdVQFfbqzeOgyaVTKzkW5cn9ZrJ5PM4A8HMMJnIEDV1CFO6hBHSg8wyt8wKeRGC/Gm/E+bc0Zsz+HMAfj6w9InZNu</latexit>
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<latexit sha1_base64="DuBpYAZJZW9MTzO5Bqwr KuyQtAk=">AAAB+XicbVDLSgNBEOyNrxhfq970MpgI4iHsRkFvBrx4jGAekIQwO5kkQ2YfzPSKYQn4K15Ev Cj4E/6Cf+EnONnkksSCgaK6p6u7vEgKjY7zY2VWVtfWN7Kbua3tnd09e/+gpsNYMV5loQxVw6OaSxHwKgq UvBEpTn1P8ro3vJ3U649caREGDziKeNun/UD0BKNopI591EpnJJ6kbDjOtZA/YVJwXKcw7th5p+ikIMvEnZ H8zS+kqHTs71Y3ZLHPA2SSat10nQjbCVUomORmeKx5ZGxonyep65icGqlLeqEyL0CSqnN91Nd65Hum06c40 Iu1ifhfrRlj77qdiCCKkQdsatSLJcGQTGIgXaE4QzkyhDIlzIaEDaiiDE1YOXO6u3joMqmViu5FsXR/mS+ fTzOALBzDCZyBC1dQhjuoQBUYPMMrfMCnlVgv1pv1Pm3NWLM/hzAH6+sPMQWT4Q==</latexit>
3
<latexit sha1_base64="6vv0pKeuWiLAn0o9dEXrd/1pwe4=">AAAB93icbVDLSgNBEOyNrxhfq14EL4u JIB7CbiLozYAXjxHMA5IQZiezyZDZBzO94rLEX/Ei4kXBv/AX/As/wckml0QLBorqnq7uciPBFdr2t5FbWV1b38hvFra2d3b3zP2DpgpjSVmDhiKUbZcoJnjAGshRsHYkGfFdwVru+GZabz0wqXgY3GMSsZ5PhgH3OCWop b551M1mpK4gdDwpdJE9YlqqliZ9s2iX7QzWX+LMSfH6BzLU++ZXdxDS2GcBUkGU6jh2hL2USORUMD06VizSJmTI0sxzYp1qaWB5odQvQCtTF/qIr1Tiu7rTJzhSy7Wp+F+tE6N31Ut5EMXIAjoz8mJhYWhNQ7AGXDKKIt GEUMn1hhYdEUko6qgK+nRn+dC/pFkpO9Vy5e6iWDufZQB5OIYTOAMHLqEGt1CHBlB4ghd4hw8jMZ6NV+Nt1poz5n8OYQHG5y9KGZNv</latexit>
(b) Fault tolerant
FIG. 1. For the three-bit repetition code {000, 111}, (a) it
is not fault tolerant to correct errors based on the parities
1 ⊕ 2 and 2 ⊕ 3, because an internal fault on bit 2 can be
confused with an input error on bit 3. (b) With the 1⊕2 parity
measurement repeated, there are fault-tolerant correction rules:
for at most one fault in the highlighted locations, any input
error is corrected, and any internal fault results in a final error
of weight zero or one. The third measurement can also be
made adaptively, conditioned on at least one of the first two
syndrome bits being nontrivial.
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<latexit sha1_ba se64="gp321sEWX1G3ZX5/PcXXHr4PX9 o=">AAAB53icbVDLSgMxFL3js9ZX1aWb YBXqpsxUQXcW3LisYB/YlpJJM21oJjMk d8RS+g1uRNwo+Df+gn/hJ5hOu2nrgcDh nBPuPdePpTDouj/Oyura+sZmZiu7vbO 7t587OKyZKNGMV1kkI93wqeFSKF5FgZI 3Ys1p6Ete9we3E7/+xLURkXrAYczbIe0 pEQhG0UqPLeTPOCr45+NOLu8W3RRkmXg zkr/5hRSVTu671Y1YEnKFTFJjmp4bY3 tENQom+TjbSgyPKRvQHh+le47JmZW6JI i0fQpJqs7laGjMMPRtMqTYN4veRPzPay YYXLdHQsUJcsWmg4JEEozIpDTpCs0Zyq EllGlhNySsTzVlaE+TtdW9xaLLpFYqeh fF0v1lvnw6vQFk4BhOoAAeXEEZ7qACV WCg4BU+4NMRzovz5rxPoyvO7M8RzMH5+ gOrII1q</latexit>
(c)
<latexit sha1_ba se64="pC6rrnxiSh7p08mDx9XsnB9yUl s=">AAAB53icbVDLSgMxFL3js9ZX1aWb YBXqpsxUQXcW3LisYB/YlpJJM21oJjMk d8RS+g1uRNwo+Df+gn/hJ5hOu2nrgcDh nBPuPdePpTDouj/Oyura+sZmZiu7vbO 7t587OKyZKNGMV1kkI93wqeFSKF5FgZI 3Ys1p6Ete9we3E7/+xLURkXrAYczbIe0 pEQhG0UqPLeTPOCqw83Enl3eLbgqyTLw Zyd/8QopKJ/fd6kYsCblCJqkxTc+NsT 2iGgWTfJxtJYbHlA1oj4/SPcfkzEpdEk TaPoUkVedyNDRmGPo2GVLsm0VvIv7nNR MMrtsjoeIEuWLTQUEiCUZkUpp0heYM5d ASyrSwGxLWp5oytKfJ2ureYtFlUisVvY ti6f4yXz6d3gAycAwnUAAPrqAMd1CBK jBQ8Aof8OkI58V5c96n0RVn9ucI5uB8/ QGsnI1r</latexit>
(d)
<latexit sha1_base64="qHG3lG+Fmg IL2gfOpILNHW17EqA=">AAAB53icbVBLSgNBFHzjN8Zf1KWbxijETZiJgu4MuHEZ wXwwCaGnpydp0vOh+40YhpzBjYgbBW/jFbyFR7AzySaJBQ1FVTXv1XNjKTTa9o+ 1srq2vrGZ28pv7+zu7RcODhs6ShTjdRbJSLVcqrkUIa+jQMlbseI0cCVvusPbid9 84kqLKHzAUcy7Ae2HwheMopEeO8ifMS155+NeoWiX7QxkmTgzUrz5hQy1XuG740U sCXiITFKt244dYzelCgWTfJzvJJrHlA1pn6fZnmNyZiSP+JEyL0SSqXM5Gmg9Cl yTDCgO9KI3Ef/z2gn6191UhHGCPGTTQX4iCUZkUpp4QnGGcmQIZUqYDQkbUEUZmt PkTXVnsegyaVTKzkW5cn9ZrJ5ObwA5OIYTKIEDV1CFO6hBHRiE8Aof8GkJ68V6s 96n0RVr9ucI5mB9/QGuGI1s</latexit>
(a)
<latexit  sha1_base64="UF Z8I0L/uXTpWleZ3L Lhsjq0cqo=">AAAB 53icbVDLSgMxFL3j s9ZX1aWbYBXqpsxU QXcW3LisYB/YlpJJ M21oJjMkd8RS+g1u RNwo+Df+gn/hJ5hO u2nrgcDhnBPuPde PpTDouj/Oyura+sZ mZiu7vbO7t587OKy ZKNGMV1kkI93wqeF SKF5FgZI3Ys1p6Et e9we3E7/+xLURkXr AYczbIe0pEQhG0Uq PLeTPOCrQ83Enl3e LbgqyTLwZyd/8Qop KJ/fd6kYsCblCJq kxTc+NsT2iGgWTfJ xtJYbHlA1oj4/SPc fkzEpdEkTaPoUkVe dyNDRmGPo2GVLsm0 VvIv7nNRMMrtsjoe IEuWLTQUEiCUZkUp p0heYM5dASyrSwGx LWp5oytKfJ2ureYt FlUisVvYti6f4yXz 6d3gAycAwnUAAPr qAMd1CBKjBQ8Aof8 OkI58V5c96n0RVn9 ucI5uB8/QGppI1p< /latexit>
FIG. 2. Stabilizer measurement sequences for fault-tolerant
error correction for the seven-qubit Steane code. Here red
represents Pauli Z, blue is X and orange is Y ; for example
the first measurement in each sequence is of IIIZZZ. (a) As
a baseline, Shor’s method requires up to 24 stabilizer measure-
ments. (b) For a distance-three CSS code with R independent
stabilizers, 2R− 2 measurements suffice (Theorem 2). (c) If
the code is additionally self-dual and Y measurements are
allowed, then 3R/2− 1 measurements suffice (Proposition 4).
(d) Finally, for the seven-qubit code, if we allow measure-
ments mixing X, Y and Z operators, then seven stabilizer
measurements are enough.
We study both nonadaptive error correction and adap-
tive error correction, in which the stabilizers you choose
to measure can depend on previous measurement re-
sults. Adaptive measurements allow for significant im-
provements; see Fig. 4. We devise new quantum error-
correcting codes specifically for efficient, single-shot error
correction.
For example, for the standard [[15, 7, 3]] Hamming code,
distance-three fault-tolerant error correction can be done
with nine measurements of mixed X, Y and Z stabilizers
(of weights eight or 12), or X and Z error correction
can be run separately with 14 weight-eight measurements
(Proposition 4). (Shor’s method uses 32 measurements.)
We also consider fault-tolerant logical measurements.
A standard way to measure logical Zs with a CSS code
is to measure all the qubits in the computational basis.
The logical measurement outcomes can then be obtained
by correcting the measured noisy bit string. This method
destructively measures all the logical qubits in a code
block. Alternatively, one can measure a subset of logi-
cal qubits by moving them to an ancilla block which is
then measured destructively [Got13, NFB17, BVC+17],
or using a Steane-type ancillary block [ZLBK20]. Here,
we design measurement sequences that perform logical
measurements without any extra ancillary block, elimi-
nating the time and space required for ancilla preparation.
Strikingly, combining error correction with logical qubit
measurements can be substantially more efficient than
running these operations separately. For example, for
the [[15, 7, 3]] Hamming code, any weight-five logical Z
operator can be measured fault tolerantly with five mea-
surements, while combining the logical Z measurement
with X error correction needs only six measurements—one
fewer than X error correction alone. (See Fig. 13(a).)
Hamming
<latexit sha1_base64="xnqM0wj SOaZf8AqGEiDuIzWW4Ic=">AAAHm3icbVXbbttGEGWSNkrcS5LmsShAl TWQOrJASgmahyB14F7SIkZcxHYCaFVjuRrRCy+X9HJZS1jsf+S1/av+RT +hs9QlIimCBJZnDs+cmR2ScS54ocPw3xs3b33y6e3Onbs7n33+xZf37j /46qzISsXglGUiU+9jWoDgEk411wLe5wpoGgt4F18euvi7v0AVPJMnep7 DOKWJ5FPOqEboT6Jhps0rmqZcJvb8fhD2w+rw24touQh+/M+rjuPzB7e vySRjZQpSM0GLYhSFuR4bqjRnAuwOKQvIKbukCZjKrPV3EZr400zhJbVf oTUeTYtinsbITKm+KJoxB26LjUo9fTY2XOalBskWiaal8HXmu8r9CVfA tJj7lDH0W1KNPtgFVZRp7NBOLVGiaH7B2QxL4JKJcgLminHFSq4RknDNs jSlcmKIpiopc2v2DJnNzfMQ0h5eL/aM9QlV/oHx933rP37ef7KMbML72 +HHlYwLNdgVPETY9vZQ8hmuyFSlJrME5GQ2x5xX13ZnlyhoerRrq1jpBK bkErQfRIbgeLgFUVQm1Z65YKxoFRQV6MKOZtdPLuLBwLgbE0SWdN0zJh jYJako40qhe44Pd5cgjYuF7DrphqzMVLqInq2iZ4voT4DTpeAI9/xNDor qTGE1ypoTZXcNyZaYpCk4aFWhEGiJOYNmRLqjlTOl1vCYdMcVfbNbMZd Zyqmwo8HYYF+LUoEbNzQGU/2IxJBwaXAQhUBY8ZkNIp8QPxj4bhdqEaJ4 cqG/b+QguTKYZ+qbY7tylQvKoOppMDQkLXASwbWTpPQS4mw2qt4s3CVe uFsTDK3ru11R96vW14Y4L/Q+WkG0SoGfiOptM4d0DlKCNSqJrQn7T3thL 7R1zhGfSGd9RXKU/tMG6ViUaV2lRTkBbORaw5FalEOR4RTUSU03VGWZb KQaNIXeMKByQ2ewLdsJTjQovi4/2prwrVb0Ogal5h9pW8R+AfXR1SJdS+ rlVUlrxUXN4rKiaLSoVdpRhl+qzfqrbA3Sa0jXTYp6UdsJToqiSVnUhN o6v+LHrz4dTcu/qXWi/rBXna0GAqw2vv+kV50Nys9JgkMvVyPmKuqHvVa P31KxWdZCCX9VUfPH1F6cDfrRsD/4IwwOvlv8s7w73tfet94jL/J+8A6 8V96xd+oxT3kfvL+9fzrfdA47v3deL6g3byyfeejVjs7p/34ZlmQ=</la texit>
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<latexit sha1_base64="bp2DZWrjAkBylmfKAZQQ7GWCBIk="></latexit>
Code rate k/n
<latexit sha1_base64="AQTzfhe QVTi5M6dFD3UR0Xu0mxY=">AAAHpXicbVVdb9s2FFXbre6yj6YrsJe90 FOCdanjSXaL9aHYMmSfwIJmqOMWMA2Doq4VwhKpUNRig+Of2ev2h/Yv9h NGyh+1ZAsSQJ17dO65l1dSlKesUEHw75279957/37rwQcHH3708ScPDx 99OixEKSlcUZEK+TYiBaSMw5ViKoW3uQSSRSm8iWbnLv7mD5AFE3ygFjm MM5JwNmWUKAtNDj/DCuZKn4sYkCQK0NHsa35kJod+0A2qA+0uwtXC/+4 /rzouJ4/u3+JY0DIDrmhKimIUBrkaayIVoymYA1wWkBM6IwnoyrZBxxaK 0VRIe3GFKrTGI1lRLLLIMjOirotmzIH7YqNSTV+MNeN5qYDTZaJpmSIl kOsBipkEqtIFIpRav6WtO0b0mkhCle3VQS1RIkl+zejclsA4TcsY9A1lk pZMWYjDLRVZRnissSIyKXOjTzSeL/TLALKOvb490QZhItGZRqfIoKcvu 89WkW34dD/8tJJxoQa7gvsWNp0TK/nCrvBUZloYDDyeL2zOm1tzcIwlND 2ajVVbaQxTPAOF/FBjOyhugSXhSbVnLhhJUgXTCnRhRzObJ5dxv6fdjf ZDg9vuGe33zIpUlFGl0J7Yh9srkETFUnaTdEuWC5kto8N1dLiM/gB2uiR c2D1/lYOdWCFtNdLogTTHGosVxkkGDlpXmKbWEnUG9Qi3R2tnUm7gMW6 PK/p2tyLGRcZIaka9sbZ9LUoJbtysMZiqJziChHFtBzFNLSzZ3Pghwhj5 PeR2oRbBkiXX6qtGDpxLbfNMkb40a1d5SihUPfX7GmeFnURw7cQZmUEk 5qPqzbK7xAp3q/2+cX03a+pp1fraEOeFOrVWLFqlsB+L6m3T52QBnIPRM omMDrrPO0EnMHXOBYu5s74mOUr3eYN0mZZZXWWHMgDbyI2GI+1QzlNhp 6BOarohUgjeSNVrCr2iQPiWTm9ftoGdaJBsU364N+FrJcltBFIu3tH2iP 0E8p2rZbodqe9vSlIrLmwWJ4qi0aKd0i6E/VJt119la5B+g2zTpLAT7j qxkyJJUhY1oV2dn+3Hrz4dTcu/yk2ibr9TnTsNBFhvfPdZpzoblB+TxA4 9X4+Yq6gbdHZ6/Jqk22UtleyvKmz+mHYXw1437Hd7vwf+2dHyn+U98D7 3vvCeeKH3jXfm/eJdelce9f70/vL+9v5pfdm6aA1awyX17p3VM4+92tGa /A8635jb</latexit>
0
<latexit sha1_base64="XxP5K4w WASyZ7nrCUlv0raja+gg=">AAAHinicbVXbbttGEGXSNkrUm9PXvlBlD aSOLJBS0uYhSV24TVugRlzEdgJoBWO5GtELL5f0chlLWOwX9LX9uP5FP6 Gz1CUiKYIElmcOz5yZHZJxLnihw/DfO3c/+viTe537D7qffvb5F1/udR 9eFFmpGJyzTGTqXUwLEFzCueZawLtcAU1jAW/j62MXf/seVMEzeaYXOUx Smkg+44xqhP4ML/eCcBBWh99eRKtF8ON/XnWcXj68d0umGStTkJoJWhT jKMz1xFClORNgu6QsIKfsmiZgKn/W30do6s8yhZfUfoXWeDQtikUaIzOl +qpoxhy4KzYu9ezZxHCZlxokWyaalcLXme+K9adcAdNi4VPG0G9JNfpg V1RRprEp3VqiRNH8irM5lsAlE+UUzA3jipVcIyThlmVpSuXUEE1VUubWH BgyX5jnIaR9vF4eGOsTqvwj4x/61n/8fPBkFdmGD3fDjysZF2qwK3iEs O0foOQzXJGZSk1mCcjpfIE5b25td58oaHq0G6tY6RRm5Bq0H0SG4ES4BV FUJtWeuWCsaBUUFejCjmY3Ty7jwdC4GxNElvTcMyYY2hWpKONKoXeJD/ dWII2Lpewm6ZaszFS6jF6soxfL6M+A06XgBPf8dQ6K6kxhNcqaM2X3Dcl WmKQpOGhdoRBoiTmDZkx647UzpTbwhPQmFX27WzGXWcqpsOPhxGBfi1K BGzc0BjP9iMSQcGlwEIVAWPG5DSKfED8Y+m4XahGieHKlv2vkILkymGfm m1O7dpULyqDqaTAyJC1wEsG1k6T0GuJsPq7eLNwlXrhbE4ys67tdUw+r 1teGOC/0IVpBtEqBX4XqbTPHdAFSgjUqia0JB0/7YT+0dc4Jn0pnfU1yl MHTBulUlGldpUU5A2zkRsORWpRjkeEU1ElNN1RlmWykGjaFXjOgcktnu CvbGU40KL4pP9qZ8I1W9DYGpRYfaDvEXoH64GqZriX1001Ja8VFzeKyom i0qFXaSYZfqu36q2wN0h+QbpoU9aO2E5wURZOyqAm1dX7Fj199OpqWf1 ebRINRvzpbDQRYb/zgSb86G5RfkgSHXq5HzFU0CPutHr+hYruspRL+qqL mj6m9uBgOotFgGBx9u/xjefe9r71vvEde5P3gHXm/eafeucc88P7y/vb +6ex1vu+8WBLv3lk98ZVXOzqv/gf6B49m</latexit>
.1
<latexit sha1_base64="fMGoH2n 65IKAZbjPXDjLIDkkDE4=">AAAHj3icbVXbbtw2EFXSNpu4t7h9zIu2q oHUWQvSboLkIUhduLcANeI2thNguTAo7qxMmKJkiqp3QfAP+tr+W/+in9 Ch9pKVZEECqDNHZ84MR1JSCF7qKPr3zt2PPv7kXu/+g51PP/v8iy8f7n 51XuaVYnDGcpGr9wktQXAJZ5prAe8LBTRLBLxLro5c/N2foEqey1O9KGC S0VTyGWdUI/RHGF88DKIwqg+/u4hXi+D7/7z6OLnYvXdDpjmrMpCaCVq W4zgq9MRQpTkTYHdIVUJB2RVNwdQGrb+H0NSf5Qovqf0abfBoVpaLLEFm RvVl2Y458LbYuNKzFxPDZVFpkGyZaFYJX+e+q9afcgVMi4VPGUO/FdXo g11SRZnGruw0EqWKFpeczbEELpmopmCuGVes4hohCTcszzIqp4ZoqtKqs GbfkPnCvIwgG+D1at9Yn1DlHxr/wLf+k5fh01VkGz64HX5Sy7hQi13DI 4TtYB8lX+CKzFRmcktATucLzHl9Y3f2iIK2R7uxipVOYUauQPtBbAiOhF sQRWVa75kLJorWQVGDLuxodvPkMh4MjbsxQWxJ3z1jgqFdkcoqqRX6F/ hwfwXSpFzKbpJuycpcZcvo+Tp6voz+CDhdCo5xz98UoKjOFVajrDlVds+ QfIVJmoGD1hUKgZaYM2jGpD9eO1NqA09If1LTt7uVcJlnnAo7Hk4M9rW sFLhxQ2Mw049JAimXBgdRCIQVn9sg9gnxg6HvdqERIYqnl/q7Vg5SKIN5 Zr45sWtXhaAM6p4GI0OyEicRXDtJRq8gyefj+s3CXeKluzXByLq+2zX1 oG59Y4iLUh+gFUTrFPhZqN82c0QXICVYo9LEmih8NogGkW1yjvlUOutrk qOEz1qkE1FlTZUO5RSwkRsNR+pQjkSOU9Aktd1QleeylWrYFnrDgMotn eFt2U5xokHxTfnxrQnfakVvElBq8YF2i9jPoD64WqbrSP1wXdFGcXG7uL wsWy3qlHac45dqu/46W4v0G2SbJsWDuOsEJ0XRtCobQl2dX/Dj15yOtu XXapMoHA3qs9NAgPXGh08H9dmi/JSmOPRyPWKuojAadHr8lortspZK+Ku K2z+m7uJ8GMajcPh7FBx+u/xnefe9R9433mMv9p57h96v3ol35jFv5v3 l/e3909vtPe+96h0uqXfvrJ752mscvdf/AxP+kHE=</latexit>
.4
<latexit sha1_base64="OXH4td+ UE6mLb/5SfxHRg84DFdE=">AAAHj3icbVXbbtw2EFXSNpu6t7h97Iu2q oHUWQvSroPkIUhduLcANeI2thNguTAo7qxMmKJkiqp3QfAP+tr+W/+in9 Ch9pKVZEECqDNHZ84MR1JSCF7qKPr33v0PPvzoQe/hxzuffPrZ51882v 3yoswrxeCc5SJX7xJaguASzjXXAt4VCmiWCHibXB+7+Ns/QZU8l2d6UcA ko6nkM86oRuiP8PDyURCFUX343UW8WgTf/+fVx+nl7oNbMs1ZlYHUTNC yHMdRoSeGKs2ZALtDqhIKyq5pCqY2aP09hKb+LFd4Se3XaINHs7JcZAky M6qvynbMgXfFxpWePZ8YLotKg2TLRLNK+Dr3XbX+lCtgWix8yhj6rahG H+yKKso0dmWnkShVtLjibI4lcMlENQVzw7hiFdcISbhleZZROTVEU5VWh TX7hswX5kUE2QCvl/vG+oQq/8j4B771n7wID1eRbfjgbvhJLeNCLXYNj xC2g32UfI4rMlOZyS0BOZ0vMOfNrd3ZIwraHu3GKlY6hRm5Bu0HsSE4Em 5BFJVpvWcumChaB0UNurCj2c2Ty3gwNO7GBLElffeMCYZ2RSqrpFboX+ LD/RVIk3Ipu0m6JStzlS2jF+voxTL6I+B0KTjBPX9dgKI6V1iNsuZM2T1 D8hUmaQYOWlcoBFpizqAZk/547UypDTwh/UlN3+5WwmWecSrseDgx2Ne yUuDGDY3BTD8mCaRcGhxEIRBWfG6D2CfED4a+24VGhCieXunvWjlIoQzm mfnm1K5dFYIyqHsajAzJSpxEcO0kGb2GJJ+P6zcLd4mX7tYEI+v6btfU g7r1jSEuSn2AVhCtU+BnoX7bzDFdgJRgjUoTa6Lw6SAaRLbJOeFT6ayvS Y4SPm2RTkWVNVU6lDPARm40HKlDORY5TkGT1HZDVZ7LVqphW+g1Ayq3d IZ3ZTvDiQbFN+XHdyZ8oxW9TUCpxXvaHWI/g3rvapmuI/XDTUUbxcXt4v KybLWoU9pJjl+q7frrbC3Sb5BtmhQP4q4TnBRF06psCHV1fsGPX3M62p ZfqU2icDSoz04DAdYbHx4O6rNF+SlNcejlesRcRWE06PT4DRXbZS2V8Fc Vt39M3cXFMIxH4fD3KDj6dvnP8h56X3vfeI+92HvmHXm/eqfeuce8mfe X97f3T2+396z3sne0pN6/t3rmK69x9F79Dyl8kHQ=</latexit>
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<latexit sha1_base64="Ep1Nl78 DATLHI4CpYOIQQ5SrhD8=">AAAHjnicbVXbbttGEGXSNkrdS5zmsS9UW QOpIwukFKd5SBsX7iUFasRBbCeAVjCWqxG98HJJL5e1hMV+QV/bj+tf9B M6S10ikiJIYHnm8MyZ2SEZ54IXOgz/vXP3o48/ude5/+nOZ59/8eWD3Y dfXRRZqRics0xk6n1MCxBcwrnmWsD7XAFNYwHv4utjF3/3J6iCZ/JMz3M YpzSRfMoZ1Qi9ObzcDcJ+WB1+exEtF8HL/7zqOL18eO+WTDJWpiA1E7Q oRlGY67GhSnMmwO6QsoCcsmuagKn8WX8PoYk/zRReUvsVWuPRtCjmaYzM lOqrohlz4LbYqNTT52PDZV5qkGyRaFoKX2e+K9afcAVMi7lPGUO/JdXo g11RRZnGpuzUEiWK5leczbAELpkoJ2BuGFes5BohCbcsS1MqJ4ZoqpIyt 2bfkNncvAgh7eH1476xPqHKPzL+gW/9Jy/6T5eRTfhgO/ykknGhBruCh wjb3j5KPscVmarUZJaAnMzmmPPm1u7sEQVNj3ZtFSudwJRcg/aDyBCcCL cgisqk2jMXjBWtgqICXdjR7PrJRTwYGHdjgsiSrnvGBAO7JBVlXCl0L/ Hh7hKkcbGQXSfdkJWZShfRi1X0YhH9GXC6FJzgnr/OQVGdKaxGWXOm7J4 h2RKTNAUHrSoUAi0xZ9CMSHe0cqbUGh6T7riib3Yr5jJLORV2NBgb7Gt RKnDjhsZgqh+TGBIuDQ6iEAgrPrNB5BPiBwPf7UItQhRPrvR3jRwkVwbz TH1zaleuckEZVD0NhoakBU4iuHaSlF5DnM1G1ZuFu8QLd2uCoXV9tyvq QdX62hDnhT5AK4hWKfCrUL1t5pjOQUqwRiWxNWH/sBf2QlvnnPCJdNZXJ EfpHzZIp6JM6yotyhlgI9cajtSiHIsMp6BOarqhKstkI9WgKfSaAZUbO oNt2c5wokHxdfnR1oRvtaK3MSg1/0DbIvYrqA+uFulaUj/dlLRWXNQsLi uKRotapZ1k+KXarL/K1iD9Aem6SVEvajvBSVE0KYuaUFvnN/z41aejaf l3tU7UH/aqs9VAgNXG95/2qrNB+SVJcOjlasRcRf2w1+rxWyo2y1oo4a8 qav6Y2ouLQT8a9gdvwuDo28U/y7vvfe194z32Iu9778h75Z165x7zwPv L+9v7p7Pbedb5ofNyQb17Z/nMI692dF79D7xEkD0=</latexit>
6
<latexit sha1_base64="PWIXAaI iXXVUQfgeNydx8vpCCnU=">AAAHjnicbVXbbttGEGXSNkrcm9M+9oUqa yB1ZIGUkjQPubhwLylQIw5iOwG0grFcjeiFl0t6uYwlLPYL+tp+XP+in9 BZ6hKRFEECyzOHZ87MDsk4F7zQYfjvrduffPrZnc7dezuff/HlV1/v3v /mvMhKxeCMZSJT72NagOASzjTXAt7nCmgaC3gXXx25+LsPoAqeyVM9z2G c0kTyKWdUI/TmycVuEPbD6vDbi2i5CF7+51XHycX9OzdkkrEyBamZoEU xisJcjw1VmjMBdoeUBeSUXdEETOXP+nsITfxppvCS2q/QGo+mRTFPY2Sm VF8WzZgDt8VGpZ4+HRsu81KDZItE01L4OvNdsf6EK2BazH3KGPotqUYf 7JIqyjQ2ZaeWKFE0v+RshiVwyUQ5AXPNuGIl1whJuGFZmlI5MURTlZS5N fuGzObmWQhpD68X+8b6hCr/0PgHvvUfPus/WkY24YPt8MNKxoUa7AoeI mx7+yj5FFdkqlKTWQJyMptjzusbu7NHFDQ92rVVrHQCU3IF2g8iQ3Ai3I IoKpNqz1wwVrQKigp0YUez6ycX8WBg3I0JIku67hkTDOySVJRxpdC9wI e7S5DGxUJ2nXRDVmYqXUTPV9HzRfQXwOlScIx7/joHRXWmsBplzamye4Z kS0zSFBy0qlAItMScQTMi3dHKmVJreEy644q+2a2YyyzlVNjRYGywr0W pwI0bGoOpfkBiSLg0OIhCIKz4zAaRT4gfDHy3C7UIUTy51D82cpBcGcwz 9c2JXbnKBWVQ9TQYGpIWOIng2klSegVxNhtVbxbuEi/crQmG1vXdrqgH VetrQ5wX+gCtIFqlwK9C9baZIzoHKcEalcTWhP3HvbAX2jrnmE+ks74iO Ur/cYN0Isq0rtKinAI2cq3hSC3KkchwCuqkphuqskw2Ug2aQq8ZULmhM 9iW7RQnGhRflx9tTfhWK3oTg1Lzj7QtYr+B+uhqka4l9fN1SWvFRc3isq JotKhV2nGGX6rN+qtsDdKfkK6bFPWithOcFEWTsqgJtXV+x49ffTqalv 9Q60T9Ya86Ww0EWG18/1GvOhuUX5MEh16uRsxV1A97rR6/pWKzrIUS/qq i5o+pvTgf9KNhf/AmDA5/WPyzvLved9733gMv8n7yDr1X3ol35jEPvL+ 8v71/OrudJ53nnZcL6u1by2e+9WpH59X/w26QPg==</latexit>
7
<latexit sha1_base64="bbywSen 1wT6+OPvdEdaqqUJirjI=">AAAHjnicbVXbbttGEGXSNkrcm9M+9oUqa yB1ZIGUkiYPubhwLylQIw5iOwG0grFcjeiFl0t6uYwlLPYL+tp+XP+in9 BZ6hKRFEECyzOHZ87MDsk4F7zQYfjvrduffPrZnc7dezuff/HlV1/v3v /mvMhKxeCMZSJT72NagOASzjTXAt7nCmgaC3gXXx25+LsPoAqeyVM9z2G c0kTyKWdUI/TmycVuEPbD6vDbi2i5CF7+51XHycX9OzdkkrEyBamZoEU xisJcjw1VmjMBdoeUBeSUXdEETOXP+nsITfxppvCS2q/QGo+mRTFPY2Sm VF8WzZgDt8VGpZ4+HRsu81KDZItE01L4OvNdsf6EK2BazH3KGPotqUYf 7JIqyjQ2ZaeWKFE0v+RshiVwyUQ5AXPNuGIl1whJuGFZmlI5MURTlZS5N fuGzObmWQhpD68X+8b6hCr/0PgHvvUfPus/WkY24YPt8MNKxoUa7AoeI mx7+yj5FFdkqlKTWQJyMptjzusbu7NHFDQ92rVVrHQCU3IF2g8iQ3Ai3I IoKpNqz1wwVrQKigp0YUez6ycX8WBg3I0JIku67hkTDOySVJRxpdC9wI e7S5DGxUJ2nXRDVmYqXUTPV9HzRfQXwOlScIx7/joHRXWmsBplzamye4Z kS0zSFBy0qlAItMScQTMi3dHKmVJreEy644q+2a2YyyzlVNjRYGywr0W pwI0bGoOpfkBiSLg0OIhCIKz4zAaRT4gfDHy3C7UIUTy51D82cpBcGcwz 9c2JXbnKBWVQ9TQYGpIWOIng2klSegVxNhtVbxbuEi/crQmG1vXdrqgH VetrQ5wX+gCtIFqlwK9C9baZIzoHKcEalcTWhP3HvbAX2jrnmE+ks74iO Ur/cYN0Isq0rtKinAI2cq3hSC3KkchwCuqkphuqskw2Ug2aQq8ZULmhM 9iW7RQnGhRflx9tTfhWK3oTg1Lzj7QtYr+B+uhqka4l9fN1SWvFRc3isq JotKhV2nGGX6rN+qtsDdKfkK6bFPWithOcFEWTsqgJtXV+x49ffTqalv 9Q60T9Ya86Ww0EWG18/1GvOhuUX5MEh16uRsxV1A97rR6/pWKzrIUS/qq i5o+pvTgf9KNhf/AmDA5/WPyzvLved9733gMv8p54h94r78Q785gH3l/ e394/nd3OT53nnZcL6u1by2e+9WpH59X/ypiQPw==</latexit>
8
<latexit sha1_base64="osvkd12 epfmt49stsr/s79zRlMk=">AAAHjnicbVXbbttGEGXSNkrdS5zmsS9UW QOpIwuklKR+SBsX7iUFasRBbCeAVjCWqxG98HJJL5e1hMV+QV/bj+tf9B M6S10ikiJIYHnm8MyZ2SEZ54IXOgz/vXP3o48/ude5/+nOZ59/8eWD3Y dfXRRZqRics0xk6n1MCxBcwrnmWsD7XAFNYwHv4utjF3/3J6iCZ/JMz3M YpzSRfMoZ1Qi9ObzcDcJ+WB1+exEtF8HL/7zqOL18eO+WTDJWpiA1E7Q oRlGY67GhSnMmwO6QsoCcsmuagKn8WX8PoYk/zRReUvsVWuPRtCjmaYzM lOqrohlz4LbYqNTTw7HhMi81SLZINC2FrzPfFetPuAKmxdynjKHfkmr0 wa6ookxjU3ZqiRJF8yvOZlgCl0yUEzA3jCtWco2QhFuWpSmVE0M0VUmZW 7NvyGxuXoSQ9vD6cd9Yn1DlHxn/wLf+kxf9p8vIJnywHX5SybhQg13BQ 4Rtbx8lD3FFpio1mSUgJ7M55ry5tTt7REHTo11bxUonMCXXoP0gMgQnwi 2IojKp9swFY0WroKhAF3Y0u35yEQ8Gxt2YILKk654xwcAuSUUZVwrdS3 y4uwRpXCxk10k3ZGWm0kX0YhW9WER/BpwuBSe4569zUFRnCqtR1pwpu2d ItsQkTcFBqwqFQEvMGTQj0h2tnCm1hsekO67om92KucxSToUdDcYG+1q UCty4oTGY6sckhoRLg4MoBMKKz2wQ+YT4wcB3u1CLEMWTK/1dIwfJlcE8 U9+c2pWrXFAGVU+DoSFpgZMIrp0kpdcQZ7NR9WbhLvHC3ZpgaF3f7Yp6 ULW+NsR5oQ/QCqJVCvwqVG+bOaZzkBKsUUlsTdh/1gt7oa1zTvhEOusrk qP0nzVIp6JM6yotyhlgI9cajtSiHIsMp6BOarqhKstkI9WgKfSaAZUbO oNt2c5wokHxdfnR1oRvtaK3MSg1/0DbIvYrqA+uFulaUj/dlLRWXNQsLi uKRotapZ1k+KXarL/K1iD9Aem6SVEvajvBSVE0KYuaUFvnN/z41aejaf l3tU7UH/aqs9VAgNXG95/2qrNB+SVJcOjlasRcRf2w1+rxWyo2y1oo4a8 qav6Y2ouLQT8a9gdvwuDo28U/y7vvfe194z32Iu9778h75Z165x7zwPv L+9v7p7Pbed75ofNyQb17Z/nMI692dF79D9HCkEA=</latexit>
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<latexit sha1_base64="InT8N9x KuQ4si4VeDhEAG5ogS4w=">AAAHjnicbVXbbttGEGXSNkrdm9M+9oUqa yB1ZIGUkjYBcnHhXlKgRhzEdgJoBWO5GtELL5f0chlLWOwX9LX9uP5FP6 Gz1CUiKYIElmcOz5yZHZJxLnihw/DfW7c/+viTO527n+589vkXX361e+ /r8yIrFYMzlolMvYtpAYJLONNcC3iXK6BpLOBtfHXk4m/fgyp4Jk/1PId xShPJp5xRjdDrJxe7QdgPq8NvL6LlInjxn1cdJxf37tyQScbKFKRmghb FKApzPTZUac4E2B1SFpBTdkUTMJU/6+8hNPGnmcJLar9CazyaFsU8jZGZ Un1ZNGMO3BYblXr6eGy4zEsNki0STUvh68x3xfoTroBpMfcpY+i3pBp9 sEuqKNPYlJ1aokTR/JKzGZbAJRPlBMw144qVXCMk4YZlaUrlxBBNVVLm1 uwbMpubpyGkPbye7xvrE6r8Q+Mf+NZ/8LT/cBnZhA+2ww8qGRdqsCt4i LDt7aPkY1yRqUpNZgnIyWyOOa9v7M4eUdD0aNdWsdIJTMkVaD+IDMGJcA uiqEyqPXPBWNEqKCrQhR3Nrp9cxIOBcTcmiCzpumdMMLBLUlHGlUL3Ah /uLkEaFwvZddINWZmpdBE9X0XPF9FfAKdLwTHu+ascFNWZwmqUNafK7hm SLTFJU3DQqkIh0BJzBs2IdEcrZ0qt4THpjiv6ZrdiLrOUU2FHg7HBvha lAjduaAym+j6JIeHS4CAKgbDiMxtEPiF+MPDdLtQiRPHkUv/QyEFyZTDP 1DcnduUqF5RB1dNgaEha4CSCaydJ6RXE2WxUvVm4S7xwtyYYWtd3u6Ie VK2vDXFe6AO0gmiVAr8K1dtmjugcpARrVBJbE/Yf9cJeaOucYz6RzvqK5 Cj9Rw3SiSjTukqLcgrYyLWGI7UoRyLDKaiTmm6oyjLZSDVoCr1iQOWGz mBbtlOcaFB8XX60NeEbrehNDErNP9C2iP0G6oOrRbqW1M/XJa0VFzWLy4 qi0aJWaccZfqk266+yNUh/QrpuUtSL2k5wUhRNyqIm1Nb5HT9+9eloWv 5DrRP1h73qbDUQYLXx/Ye96mxQfk0SHHq5GjFXUT/stXr8horNshZK+Ku Kmj+m9uJ80I+G/cHrMDj8fvHP8u5633rfefe9yPvJO/Reeifemcc88P7 y/vb+6ex2fuw867xYUG/fWj7zjVc7Oi//B9jskEE=</latexit>
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<latexit sha1_base64="ciNEW2/ R+l8VHJ/sV3z+F36eHyk=">AAAHj3icbVXbbttGEGXSNErcW9w+5oUqa yB1ZIGUEiQPQerAvQWoEbexnQBawViuRvTCyyW9XNYSFvsHeU3/rX/RT+ gsdYlIiiCB5ZnDM2dmh2ScC17oMPz31u3P7nx+t3Pv/s4XX3719TcPdr 89L7JSMThjmcjU+5gWILiEM821gPe5AprGAt7FV0cu/u5vUAXP5Kme5zB OaSL5lDOqEforCi8eBGE/rA6/vYiWi+Cn/7zqOLnYvXtDJhkrU5CaCVo UoyjM9dhQpTkTYHdIWUBO2RVNwFQGrb+H0MSfZgovqf0KrfFoWhTzNEZm SvVl0Yw5cFtsVOrp87HhMi81SLZINC2FrzPfVetPuAKmxdynjKHfkmr0 wS6pokxjV3ZqiRJF80vOZlgCl0yUEzDXjCtWco2QhBuWpSmVE0M0VUmZW 7NvyGxuXoSQ9vB6uW+sT6jyD41/4Fv/8Yv+k2VkEz7YDj+uZFyowa7gI cK2t4+Sz3FFpio1mSUgJ7M55ry+sTt7REHTo11bxUonMCVXoP0gMgRHwi 2IojKp9swFY0WroKhAF3Y0u35yEQ8Gxt2YILKk654xwcAuSUUZVwrdC3 y4uwRpXCxk10k3ZGWm0kX0fBU9X0R/BpwuBce4529yUFRnCqtR1pwqu2d ItsQkTcFBqwqFQEvMGTQj0h2tnCm1hsekO67om92KucxSToUdDcYG+1q UCty4oTGY6kckhoRLg4MoBMKKz2wQ+YT4wcB3u1CLEMWTS/1jIwfJlcE8 U9+c2JWrXFAGVU+DoSFpgZMIrp0kpVcQZ7NR9WbhLvHC3ZpgaF3f7Yp6 ULW+NsR5oQ/QCqJVCvwsVG+bOaJzkBKsUUlsTdh/2gt7oa1zjvlEOusrk qP0nzZIJ6JM6yotyilgI9cajtSiHIkMp6BOarqhKstkI9WgKfSGAZUbO oNt2U5xokHxdfnR1oRvtaI3MSg1/0TbIvYrqE+uFulaUq+uS1orLmoWlx VFo0Wt0o4z/FJt1l9la5D+gHTdpKgXtZ3gpCialEVNqK3zG3786tPRtP xarRP1h73qbDUQYLXx/Se96mxQfkkSHHq5GjFXUT/stXr8lorNshZK+Ku Kmj+m9uJ80I+G/cGfYXD4w+Kf5d3zHnrfe4+8yHvmHXq/eyfemce8qff B++j909ntPOu87BwuqLdvLZ/5zqsdndf/AyJVkHM=</latexit>
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<latexit sha1_base64="HId4DKb oBEbD4Gk9tLEUB8OM61U=">AAAHmXicbVXbbttGEGXSNkrcW9I85oUqa yB1ZIGUEjQPQerAvaRFjbjwJQG0grFcjeiFl0t6uYwlLPY38pr+Vv+in9 BZ6hKRFEECyzOHZ87MDsk4F7zQYfjvrdufff7Fnc7deztffvX1N9/ef/ DdeZGVisEZy0Sm3sW0AMElnGmuBbzLFdA0FvA2vjp08bfvQRU8k6d6nsM 4pYnkU86oRogQDTNtKhl7cT8I+2F1+O1FtFwEP//nVcfxxYM7N2SSsTI FqZmgRTGKwlyPDVWaMwF2h5QF5JRd0QSWOfxdhCb+NFN4Se1XaI1H06KY pzEyU6ovi2bMgdtio1JPn48Nl3mpQbJFomkpfJ35rm5/whUwLeY+ZQz9 llSjD3ZJFWUa+7NTS5Qoml9yNsMSuGSinIC5ZlyxkmuEJNywLE2pnBiiq UrK3Jo9Q2Zz8yKEtIfXyz1jfUKVf2D8fd/6T170ny4jm/D+dvhJJeNCD XYFDxG2vT2UfI4rMlWpySwBOZnNMef1jd3ZJQqaHu3aKlY6gSm5Au0HkS E4HG5BFJVJtWcuGCtaBUUFurCj2fWTi3gwMO7GBJElXfeMCQZ2SSrKuF LoXuDD3SVI42Ihu066ISszlS6i56vo+SL6C+B0KTjCPX+Tg6I6U1iNsuZ U2V1DsiUmaQoOWlUoBFpizqAZke5o5UypNTwm3XFF3+xWzGWWcirsaDA 22NeiVODGDY3BVD8mMSRcGhxEIRBWfGaDyCfEDwa+24VahCieXOofGzlI rgzmmfrm2K5c5YIyqHoaDA1JC5xEcO0kKb2COJuNqjcLd4kX7tYEQ+v6 blfU/ar1tSHOC72PVhCtUuAHonrbzCGdg5RgjUpia8L+s17YC22dc8Qn0 llfkRyl/6xBOhZlWldpUU4BG7nWcKQW5VBkOAV1UtMNVVkmG6kGTaE3D Kjc0Blsy3aKEw2Kr8uPtiY80YrexKDU/BNti9hvoD65WqRrSb26LmmtuK hZXFYUjRa1SjvK8Eu1WX+VrUH6C9J1k6Je1HaCk6JoUhY1obbO7/jxq0 9H0/Ifap2oP+xVZ6uBAKuN7z/tVWeD8muS4NDL1Yi5ivphr9XjEyo2y1o o4a8qav6Y2ovzQT8a9gd/h8HBD4t/lnfXe+R97z32Iu8n78B77R17Zx7 zcu+D99H7p/Oo86rzuvPngnr71vKZh17t6Jz8D5Zula4=</latexit>
[[16, 4, 4]]
<latexit sha1_base64="RMxWwCZ ca4VwZuH2TIkgVPnusBY=">AAAHq3icbVXZbttGFGXSNkrdzWke2we6r IHUoQRSctI8BK0LdwVqxIWXBNUIxnB0RQ88HNLDYS1hMC/9mr62f9O/6C f0DrVEpESQwPDcw3OXOSSTQvBSR9G/9+6/8+57DzoP39/54MOPPv5k99 Gnl2VeKQYXLBe5epPQEgSXcKG5FvCmUECzRMDr5ObYxV//AarkuTzXswJ GGU0ln3BGNUJXu58TIRJF2Q1oP34eHoaHPlFqgVztBlEvqg9/cxEvFsG 3/3n1cXr16MEdGeesykBqJmhZDuOo0CNDleZMgN0hVQkFatMUTF289fcR GvuTXOEltV+jDR7NynKWJcjMqL4u2zEHbosNKz15MTJcFpUGyeaJJpXw de67SfhjroBpMfMpY1hvRTXWwa4p9q5xYjuNRKmixTVnU2yBSyaqMZhbx hWruEZIwh3Ls4zKsSGaqrQqrDkwZDozLyPIQry+OTDWJ1T5R8bv+tZ/+ rJ3uIisw93t8NNaxoVa7BoeIGzDA5R8gSsyUZnJLQE5ns4w5+2d3dknCt o12lWp2OkYJsRZIIgNQbu4BVFUpvWeuSA6og6KGnRhR7OrJ+fxoG/cjQ liS/bcMybo2wWprJJaYe8KH95bgDQp57KrpGuyMlfZPHq5jF7Oo98Dukv BCe75qwIU1bnCbpQ158ruG5IvMEkzcNCyw5XVjRmSveGyspXfjRmRvVF NX59WwmWecSrssD8yONeyUuDshoXBRD8hCaRcGjSiEAgrPrVB7BPiB33f 7UIjQhRPr/VXrRykUAbzTHxzapdVFYIyqGcaDAzJSnQiuHGSjN5Akk+H 9ZuFu8RLd2uCgXVzt0tqtx59w8RFqbtYCqJ1Cvxk1G+bOaYzkBKsUWliT dR7FkZhZJucEz6WrvQlyVF6z1qkU1FlTZUNyjngIFcajrRBORY5uqBJa ldDVZ7LVqp+W+gVAyrXdPrbsp2jo0HxVfvx1oRnWtG7BJSavaVtEfsR1N uq5uk2pL67rWijubjdXF6WrRFttHaS45dqvf86W4v0K2SrIcVhvFkJOk XRtCobQps6P+HHr+mOdsm/qFWi3iCsz40BAiw3vncY1meL8kOaounl0mK uo14Ubsz4jIr1tuZK+KuK2z+mzcVlvxcPev3fouDoy/k/y3vofeZ94T3 xYu9r78j72Tv1Ljzm/en95f3t/dPpds46v3fInHr/3uKZx17j6MD/BBya 2g==</latexit>
.5
<latexit sha1_base64="yyOsySiC6JgiFeyG3FNAjS3Y1g0=">AAAHj 3icbVXbbtw2EFXSNpu6t7h97Iu2qoHUWQvSbozkIUhduLcANeI2thNguTAo7qxMmKJkiqp3QfAP+tr+W/+in9Ch9pKVZEECqDNHZ84MR1JSCF7qKP r33v0PPvzoQe/hxzuffPrZ51882v3yoswrxeCc5SJX7xJaguASzjXXAt4VCmiWCHibXB+7+Ns/QZU8l2d6UcAko6nkM86oRuiP8PDyURCFUX343UW 8WgTf/+fVx+nl7oNbMs1ZlYHUTNCyHMdRoSeGKs2ZALtDqhIKyq5pCqY2aP09hKb+LFd4Se3XaINHs7JcZAkyM6qvynbMgXfFxpWePZ8YLotKg2TL RLNK+Dr3XbX+lCtgWix8yhj6rahGH+yKKso0dmWnkShVtLjibI4lcMlENQVzw7hiFdcISbhleZZROTVEU5VWhTX7hswX5kUE2QCvl/vG+oQq/8j4B 771n7wIn64i2/DB3fCTWsaFWuwaHiFsB/so+RxXZKYyk1sCcjpfYM6bW7uzRxS0PdqNVax0CjNyDdoPYkNwJNyCKCrTes9cMFG0DooadGFHs5snl/ FgaNyNCWJL+u4ZEwztilRWSa3Qv8SH+yuQJuVSdpN0S1bmKltGL9bRi2X0R8DpUnCCe/66AEV1rrAaZc2ZsnuG5CtM0gwctK5QCLTEnEEzJv3x2pl SG3hC+pOavt2thMs841TY8XBisK9lpcCNGxqDmX5MEki5NDiIQiCs+NwGsU+IHwx9twuNCFE8vdLftXKQQhnMM/PNqV27KgRlUPc0GBmSlTiJ4NpJ MnoNST4f128W7hIv3a0JRtb13a6pB3XrG0NclPoArSBap8DPQv22mWO6ACnBGpUm1kTh4SAaRLbJOeFT6ayvSY4SHrZIp6LKmiodyhlgIzcajtShH Iscp6BJaruhKs9lK9WwLfSaAZVbOsO7sp3hRIPim/LjOxO+0YreJqDU4j3tDrGfQb13tUzXkfrhpqKN4uJ2cXlZtlrUKe0kxy/Vdv11thbpN8g2TY oHcdcJToqiaVU2hLo6v+DHrzkdbcuv1CZROBrUZ6eBAOuND58O6rNF+SlNcejlesRcRWE06PT4DRXbZS2V8FcVt39M3cXFMIxH4fD3KDj6dvnP8h5 6X3vfeI+92HvmHXm/eqfeuce8mfeX97f3T2+396z3sne0pN6/t3rmK69x9F79DzCmkHU=</latexit>
.2
<latexit sha1_base64="L9YeDbH oibWdpWaYyvP08IN/NQ0=">AAAHj3icbVXbbtw2EFXSNpu4t7h9zIu2q oHUWQvSboLkIUhduLcANeI2thNguTAo7qxMmKJkiqp3QfAP+tr+W/+in9 Ch9pKVZEECqDNHZ84MR1JSCF7qKPr3zt2PPv7kXu/+g51PP/v8iy8f7n 51XuaVYnDGcpGr9wktQXAJZ5prAe8LBTRLBLxLro5c/N2foEqey1O9KGC S0VTyGWdUI/RHOLx4GERhVB9+dxGvFsH3/3n1cXKxe++GTHNWZSA1E7Q sx3FU6ImhSnMmwO6QqoSCsiuagqkNWn8Poak/yxVeUvs12uDRrCwXWYLM jOrLsh1z4G2xcaVnLyaGy6LSINky0awSvs59V60/5QqYFgufMoZ+K6rR B7ukijKNXdlpJEoVLS45m2MJXDJRTcFcM65YxTVCEm5YnmVUTg3RVKVVY c2+IfOFeRlBNsDr1b6xPqHKPzT+gW/9Jy/Dp6vINnxwO/yklnGhFruGR wjbwT5KvsAVmanM5JaAnM4XmPP6xu7sEQVtj3ZjFSudwoxcgfaD2BAcCb cgisq03jMXTBStg6IGXdjR7ObJZTwYGndjgtiSvnvGBEO7IpVVUiv0L/ Dh/gqkSbmU3STdkpW5ypbR83X0fBn9EXC6FBzjnr8pQFGdK6xGWXOq7J4 h+QqTNAMHrSsUAi0xZ9CMSX+8dqbUBp6Q/qSmb3cr4TLPOBV2PJwY7Gt ZKXDjhsZgph+TBFIuDQ6iEAgrPrdB7BPiB0Pf7UIjQhRPL/V3rRykUAbz zHxzYteuCkEZ1D0NRoZkJU4iuHaSjF5Bks/H9ZuFu8RLd2uCkXV9t2vq Qd36xhAXpT5AK4jWKfCzUL9t5oguQEqwRqWJNVH4bBANItvkHPOpdNbXJ EcJn7VIJ6LKmiodyilgIzcajtShHIkcp6BJaruhKs9lK9WwLfSGAZVbO sPbsp3iRIPim/LjWxO+1YreJKDU4gPtFrGfQX1wtUzXkfrhuqKN4uJ2cX lZtlrUKe04xy/Vdv11thbpN8g2TYoHcdcJToqiaVU2hLo6v+DHrzkdbc uv1SZROBrUZ6eBAOuND58O6rNF+SlNcejlesRcRWE06PT4LRXbZS2V8Fc Vt39M3cX5MIxH4fD3KDj8dvnP8u57j7xvvMde7D33Dr1fvRPvzGPezPv L+9v7p7fbe9571TtcUu/eWT3ztdc4eq//BxsokHI=</latexit>
.3
<latexit sha1_base64="v011iCR 7roVdBQ6iFWhf8Vt7vAk=">AAAHj3icbVXbbtw2EFXSNpu4t7h9zIu2q oHUWQvSboLkIUhduLcANeI2thNguTAo7qxMmKJkiqp3QfAP+tr+W/+in9 Ch9pKVZEECqDNHZ84MR1JSCF7qKPr3zt2PPv7kXu/+g51PP/v8iy8f7n 51XuaVYnDGcpGr9wktQXAJZ5prAe8LBTRLBLxLro5c/N2foEqey1O9KGC S0VTyGWdUI/RHOLp4GERhVB9+dxGvFsH3/3n1cXKxe++GTHNWZSA1E7Q sx3FU6ImhSnMmwO6QqoSCsiuagqkNWn8Poak/yxVeUvs12uDRrCwXWYLM jOrLsh1z4G2xcaVnLyaGy6LSINky0awSvs59V60/5QqYFgufMoZ+K6rR B7ukijKNXdlpJEoVLS45m2MJXDJRTcFcM65YxTVCEm5YnmVUTg3RVKVVY c2+IfOFeRlBNsDr1b6xPqHKPzT+gW/9Jy/Dp6vINnxwO/yklnGhFruGR wjbwT5KvsAVmanM5JaAnM4XmPP6xu7sEQVtj3ZjFSudwoxcgfaD2BAcCb cgisq03jMXTBStg6IGXdjR7ObJZTwYGndjgtiSvnvGBEO7IpVVUiv0L/ Dh/gqkSbmU3STdkpW5ypbR83X0fBn9EXC6FBzjnr8pQFGdK6xGWXOq7J4 h+QqTNAMHrSsUAi0xZ9CMSX+8dqbUBp6Q/qSmb3cr4TLPOBV2PJwY7Gt ZKXDjhsZgph+TBFIuDQ6iEAgrPrdB7BPiB0Pf7UIjQhRPL/V3rRykUAbz zHxzYteuCkEZ1D0NRoZkJU4iuHaSjF5Bks/H9ZuFu8RLd2uCkXV9t2vq Qd36xhAXpT5AK4jWKfCzUL9t5oguQEqwRqWJNVH4bBANItvkHPOpdNbXJ EcJn7VIJ6LKmiodyilgIzcajtShHIkcp6BJaruhKs9lK9WwLfSGAZVbO sPbsp3iRIPim/LjWxO+1YreJKDU4gPtFrGfQX1wtUzXkfrhuqKN4uJ2cX lZtlrUKe04xy/Vdv11thbpN8g2TYoHcdcJToqiaVU2hLo6v+DHrzkdbc uv1SZROBrUZ6eBAOuND58O6rNF+SlNcejlesRcRWE06PT4LRXbZS2V8Fc Vt39M3cX5MIxH4fD3KDj8dvnP8u57j7xvvMde7D33Dr1fvRPvzGPezPv L+9v7p7fbe9571TtcUu/eWT3ztdc4eq//ByJSkHM=</latexit>
[[7, 1, 3]]
<latexit sha1_base64="fZm8UWu TSDGKVMYyS5sMYN2Eblw=">AAAHqnicbVXLbtw2FFXSNpO6L6ddZqOpa iB15IE0kyBZBK0L9wnUiNvYToLhwKA4d2TCFCVTVD0Dgot+Tbft5/Qv+g m91DwykixIAHXu0bkPHklJIXipo+jfO3ffe/+De737H+589PEnn362++ Dz8zKvFIMzlotcvUloCYJLONNcC3hTKKBZIuB1cnXk4q//AFXyXJ7qRQG TjKaSzzijGqGL3YdEiERRdgXafxbG4cgnSq2Ai90gGkT14XcX8WoRfPu fVx8nFw/u3ZBpzqoMpGaCluU4jgo9MVRpzgTYHVKVUKA2TcHUtVt/D6Gp P8sVXlL7Ndrg0awsF1mCzIzqy7Idc+BtsXGlZ88nhsui0iDZMtGsEr7O fTcIf8oVMC0WPmUM662oxjrYJcXeNQ5sp5EoVbS45GyOLXDJRDUFc824Y hXXCEm4YXmWUTk1RFOVVoU1+4bMF+ZFBFmI1zf7xvqEKv/Q+Ae+9R+/G DxZRbbhg9vhx7WMC7XYNTxC2Ib7KPkcV2SmMpNbAnI6X2DO6xu7s0cUtG u0m1Kx0ynMiHNAEBuCbnELoqhM6z1zQXREHRQ16MKOZjdPLuPB0LgbE8 SW9N0zJhjaFamsklqhf4EP91cgTcql7CbplqzMVbaMnq+j58vo94DuUnC Me/6yAEV1rrAbZc2psnuG5CtM0gwctO5w43RjxqQ/Xle28bsxE9Kf1PT taSVc5hmnwo6HE4NzLSsFzm5YGMz0I5JAyqVBIwqBsOJzG8Q+IX4w9N0u NCJE8fRSf93KQQplMM/MNyd2XVUhKIN6psHIkKxEJ4IbJ8noFST5fFy/ WbhLvHS3JhhZN3e7ph7Uo2+YuCj1AZaCaJ0Cvxj122aO6AKkBGtUmlgTD Z6GURjZJueYT6UrfU1ylMHTFulEVFlTpUM5BRzkRsOROpQjkaMLmqR2N VTluWylGraFXjKgcktneFu2U3Q0KL5pP7414Sut6E0CSi3e0W4R+xHUu6 qW6TpS311XtNFc3G4uL8vWiDqtHef4pdruv87WIv0K2WZIMX7bO5WgUx RNq7Ih1NX5CT9+TXe0S/5FbRINRmF9dgYIsN74wZOwPluUH9IUTS/XFnM dDaKwM+NXVGy3tVTCX1Xc/jF1F+fDQTwaDH+LgsOvlv8s77730PvSe+T F3jPv0PvZO/HOPOb96f3l/e390wt7v/fe9sZL6t07q2e+8BpHb/o/XTaa nA==</latexit>
[[5, 1, 3]]
<latexit sha1_base64="bNLoWVZ pm4nLyXsLLFE4sfuXZTE=">AAAHqnicbVXdbtxEFHYLdEv4S+GyN15Mp JI6K3u3Eb2oICj8SkQNNEmLdlbRePasM8p47IzHZFejueBpuIXH4S14BM 54f7q2Y9nS+Dufv/Mzn+2kELzUUfTvvfvvvPveg97D93c++PCjjz/Zff TpRZlXisE5y0Wu3iS0BMElnGuuBbwpFNAsEfA6uT528dd/gCp5Ls/0ooB JRlPJZ5xRjdDl7mMiRKIouwbtH4ZxOPKJUivgcjeIBlF9+N1FvFoE3/z n1cfp5aMHt2SasyoDqZmgZTmOo0JPDFWaMwF2h1QlFKhNUzB17dbfQ2jq z3KFl9R+jTZ4NCvLRZYgM6P6qmzHHHhXbFzp2fOJ4bKoNEi2TDSrhK9z 3w3Cn3IFTIuFTxnDeiuqsQ52RbF3jQPbaSRKFS2uOJtjC1wyUU3B3DCuW MU1QhJuWZ5lVE4N0VSlVWHNviHzhXkRQRbi9fW+sT6hyj8y/oFv/acvB s9WkW344G74aS3jQi12DY8QtuE+Sj7HFZmpzOSWgJzOF5jz5tbu7BEF7R rtplTsdAoz4hwQxIagW9yCKCrTes9cEB1RB0UNurCj2c2Ty3gwNO7GBL ElffeMCYZ2RSqrpFboX+LD/RVIk3Ipu0m6JStzlS2jF+voxTL6HaC7FJz gnr8sQFGdK+xGWXOm7J4h+QqTNAMHrTvcON2YMemP15Vt/G7MhPQnNX1 7WgmXecapsOPhxOBcy0qBsxsWBjP9hCSQcmnQiEIgrPjcBrFPiB8MfbcL jQhRPL3SX7ZykEIZzDPzzaldV1UIyqCeaTAyJCvRieDGSTJ6DUk+H9dv Fu4SL92tCUbWzd2uqQf16BsmLkp9gKUgWqfAL0b9tpljugApwRqVJtZEg 8MwCiPb5JzwqXSlr0mOMjhskU5FlTVVOpQzwEFuNBypQzkWObqgSWpXQ 1Wey1aqYVvoJQMqt3SGd2U7Q0eD4pv24zsTvtKK3iag1OIt7Q6xH0C9rW qZriP17U1FG83F7ebysmyNqNPaSY5fqu3+62wt0i+QbYYU47e9Uwk6Rd G0KhtCXZ0f8ePXdEe75J/VJtFgFNZnZ4AA640fPAvrs0X5Pk3R9HJtMdf RIAo7M35FxXZbSyX8VcXtH1N3cTEcxKPB8NcoOPpi+c/yHnqPvc+9J17 sfeUdeT95p965x7w/vb+8v71/emHvt97vvfGSev/e6pnPvMbRm/4PTsSa mg==</latexit>
[[8, 3, 3]]
<latexit sha1_base64="7juC4Bo GVtRyiTUrtzJYzMkislE=">AAAHqnicbVXdbtxEFHYLdEv4S+GyN15Mp JI6K3u3FbmoICj8SkQNNEmLdlbRePasM8p47IzHZFejueBpuIXH4S14BM 54f7q2Y9nS+Dufv/Mzn+2kELzUUfTvvfvvvPveg97D93c++PCjjz/Zff TpRZlXisE5y0Wu3iS0BMElnGuuBbwpFNAsEfA6uT528dd/gCp5Ls/0ooB JRlPJZ5xRjdDl7mMiRKIouwbtH4ajcOQTpVbA5W4QDaL68LuLeLUIvvn Pq4/Ty0cPbsk0Z1UGUjNBy3IcR4WeGKo0ZwLsDqlKKFCbpmDq2q2/h9DU n+UKL6n9Gm3waFaWiyxBZkb1VdmOOfCu2LjSs8OJ4bKoNEi2TDSrhK9z 3w3Cn3IFTIuFTxnDeiuqsQ52RbF3jQPbaSRKFS2uOJtjC1wyUU3B3DCuW MU1QhJuWZ5lVE4N0VSlVWHNviHzhXkRQRbi9fW+sT6hyj8y/oFv/acvB s9WkW344G74aS3jQi12DY8QtuE+Sh7iisxUZnJLQE7nC8x5c2t39oiCdo 12Uyp2OoUZcQ4IYkPQLW5BFJVpvWcuiI6og6IGXdjR7ObJZTwYGndjgt iSvnvGBEO7IpVVUiv0L/Hh/gqkSbmU3STdkpW5ypbRi3X0Yhn9DtBdCk5 wz18WoKjOFXajrDlTds+QfIVJmoGD1h1unG7MmPTH68o2fjdmQvqTmr4 9rYTLPONU2PFwYnCuZaXA2Q0Lg5l+QhJIuTRoRCEQVnxug9gnxA+GvtuF RoQonl7pL1s5SKEM5pn55tSuqyoEZVDPNBgZkpXoRHDjJBm9hiSfj+s3 C3eJl+7WBCPr5m7X1IN69A0TF6U+wFIQrVPgF6N+28wxXYCUYI1KE2uiw fMwCiPb5JzwqXSlr0mOMnjeIp2KKmuqdChngIPcaDhSh3IscnRBk9Suh qo8l61Uw7bQSwZUbukM78p2ho4GxTftx3cmfKUVvU1AqcVb2h1iP4B6W9 UyXUfq25uKNpqL283lZdkaUae1kxy/VNv919lapF8g2wwpDuNuJegURd OqbAh1dX7Ej1/THe2Sf1abRINRWJ+dAQKsN37wLKzPFuX7NEXTy7XFXEe DKOzM+BUV220tlfBXFbd/TN3FxXAQjwbDX6Pg6IvlP8t76D32PveeeLH 3lXfk/eSdeuce8/70/vL+9v7phb3fer/3xkvq/XurZz7zGkdv+j9y3Zqf </latexit>
[[16, 9, 3]]
<latexit sha1_base64="u0Nv8lxqGjZuGBS88U+RYkaDrO0=">AAAHq 3icbVXZbttGFGWSNkrdJU7z2D5QZQ2kDiWQUtKmQNC6cFegRlx4SVCNYAxHV/TAwyE9HNYSBvPSr+lr+zf9i35C71BLRMoECQzPPTx3mUMyKQQvdR T9e+fuvXfevd958N7O+x98+NHD3Ucfn5d5pRicsVzk6k1CSxBcwpnmWsCbQgHNEgGvk6tDF3/9B6iS5/JUzwsYZzSVfMoZ1Qhd7H5KhEgUZVeg/fj L8Otw6BOllsjFbhD1o/rwtxfxchF8+59XH8cXj+7fkEnOqgykZoKW5SiOCj02VGnOBNgdUpVQoDZNwdTFW38PoYk/zRVeUvs12uDRrCznWYLMjOrL sh1z4G2xUaWnL8aGy6LSINki0bQSvs59Nwl/whUwLeY+ZQzrrajGOtglxd41TmynkShVtLjkbIYtcMlENQFzzbhiFdcISbhheZZROTFEU5VWhTX7h szm5mUEWYjXN/vG+oQq/8D4Pd/6T1/2ny0jm3DvdvhpLeNCLXYNDxG24T5KvsAVmarM5JaAnMzmmPP6xu7sEQXtGu26VOx0AlPiLBDEhqBd3IIoKt N6z1wQHVEHRQ26sKPZ9ZOLeDAw7sYEsSVd94wJBnZJKqukVuhe4MPdJUiTciG7TrohK3OVLaLnq+j5Ivo9oLsUHOGevypAUZ0r7EZZc6rsniH5EpM 0AwetOlxb3ZgR6Y5Wla39bsyYdMc1fXNaCZd5xqmwo8HY4FzLSoGzGxYGU/2EJJByadCIQiCs+MwGsU+IHwx8twuNCFE8vdRftHKQQhnMM/XNsV1V VQjKoJ5pMDQkK9GJ4MZJMnoFST4b1W8W7hIv3a0JhtbN3a6ovXr0DRMXpe5hKYjWKfCTUb9t5pDOQUqwRqWJNVH/eRiFkW1yjvhEutJXJEfpP2+Rj kWVNVW2KKeAg1xrONIW5VDk6IImqV0NVXkuW6kGbaFXDKjc0Bnclu0UHQ2Kr9uPb014ohW9SUCp+VvaLWI/gnpb1SLdltR31xVtNBe3m8vLsjWird aOcvxSbfZfZ2uRfoVsPaQ4jLcrQacomlZlQ2hb5yf8+DXd0S75F7VO1B+G9bk1QIDVxvefhfXZovyQpmh6ubKY66gfhVszPqFis62FEv6q4vaPaXt xPujHw/7gtyg4+Hzxz/IeeJ94n3lPvNj7yjvwfvaOvTOPeX96f3l/e/90ep2Tzu8dsqDevbN85rHXODrwPyD6mt4=</latexit>
[[16, 4, 3]]
<latexit sha1_base64="Qq3McHN TQx2V4JDu6W3DBjFgmHE=">AAAHq3icbVXZbttGFGXSNkrdzWke2we6r IHUoQRSctI8BK0LdwVqxIWXBNUIxnB0RQ88HNLDYS1hMC/9mr62f9O/6C f0DrVEpESQwPDcw3OXOSSTQvBSR9G/9+6/8+57DzoP39/54MOPPv5k99 Gnl2VeKQYXLBe5epPQEgSXcKG5FvCmUECzRMDr5ObYxV//AarkuTzXswJ GGU0ln3BGNUJXu58TIRJF2Q1oP34eHoYDnyi1QK52g6gX1Ye/uYgXi+D b/7z6OL169OCOjHNWZSA1E7Qsh3FU6JGhSnMmwO6QqoQCtWkKpi7e+vsI jf1JrvCS2q/RBo9mZTnLEmRmVF+X7ZgDt8WGlZ68GBkui0qDZPNEk0r4 OvfdJPwxV8C0mPmUMay3ohrrYNcUe9c4sZ1GolTR4pqzKbbAJRPVGMwt4 4pVXCMk4Y7lWUbl2BBNVVoV1hwYMp2ZlxFkIV7fHBjrE6r8I+N3fes/f dk7XETW4e52+Gkt40Itdg0PELbhAUq+wBWZqMzkloAcT2eY8/bO7uwTBe 0a7apU7HQME+IsEMSGoF3cgigq03rPXBAdUQdFDbqwo9nVk/N40Dfuxg SxJXvuGRP07YJUVkmtsHeFD+8tQJqUc9lV0jVZmatsHr1cRi/n0e8B3aX gBPf8VQGK6lxhN8qac2X3DckXmKQZOGjZ4crqxgzJ3nBZ2crvxozI3qi mr08r4TLPOBV22B8ZnGtZKXB2w8Jgop+QBFIuDRpRCIQVn9og9gnxg77v dqERIYqn1/qrVg5SKIN5Jr45tcuqCkEZ1DMNBoZkJToR3DhJRm8gyafD +s3CXeKluzXBwLq52yW1W4++YeKi1F0sBdE6BX4y6rfNHNMZSAnWqDSxJ uo9C6Mwsk3OCR9LV/qS5Ci9Zy3SqaiypsoG5RxwkCsNR9qgHIscXdAkt auhKs9lK1W/LfSKAZVrOv1t2c7R0aD4qv14a8IzrehdAkrN3tK2iP0I6m 1V83QbUt/dVrTRXNxuLi/L1og2WjvJ8Uu13n+drUX6FbLVkOIw3qwEna JoWpUNoU2dn/Dj13RHu+Rf1CpRbxDW58YAAZYb3zsM67NF+SFN0fRyaTH XUS8KN2Z8RsV6W3Ml/FXF7R/T5uKy34sHvf5vUXD05fyf5T30PvO+8J5 4sfe1d+T97J16Fx7z/vT+8v72/ul0O2ed3ztkTr1/b/HMY69xdOB//Nia 2Q==</latexit>
[[8,2,3]]
<latexit sha1_base64="zvEC5Es BKeimUDXs50Vt2ZwyEXE=">AAAHq3icbVXZbttGFGXSNkrdzWkf2we6t IHUoQRSSlA/BK0LdwVqxIWXBNUIxnB0RQ88HNLDYS1hMC/9mr62f9O/6C f0DrVEpESQwPDcw3OXOSSTQvBSR9G/Dx6+8+57jzqP39/54MOPPv5k98 mnV2VeKQaXLBe5epPQEgSXcKm5FvCmUECzRMDr5PbExV//AarkubzQswJ GGU0ln3BGNULXu1/sEyESRdktaP8o7IcDotTifv96N4h6UX34m4t4sQi +/c+rj7PrJ4/uyThnVQZSM0HLchhHhR4ZqjRnAuwOqUooUJymYOrirX+A 0Nif5Aovqf0abfBoVpazLEFmRvVN2Y45cFtsWOnJ0chwWVQaJJsnmlTC 17nvJuGPuQKmxcynjGG9FdVYB7uh2LzGie00EqWKFjecTbEFLpmoxmDuG Fes4hohCfcszzIqx4ZoqtKqsObQkOnMvIwgC/H65tBYn1DlHxu/61v/2 cve80VkHe5uh5/VMi7UYtfwAGEbHqLkEa7IRGUmtwTkeDrDnHf3dueAKG jXaFelYqdjmBDngCA2BO3iFkRRmdZ75oJoiTooatCFHc2unpzHg75xNy aILdlzz5igbxekskpqhb1rfHhvAdKknMuukq7Jylxl8+jVMno1j34P6C4 Fp7jnrwpQVOcKu1HWXCh7YEi+wCTNwEHLDldON2ZI9obLylaGN2ZE9kY 1fX1aCZd5xqmww/7I4FzLSoGzGxYGE/2UJJByadCIQiCs+NQGsU+IH/R9 twuNCFE8vdFftXKQQhnMM/HNmV1WVQjKoJ5pMDAkK9GJ4MZJMnoLST4d 1m8W7hIv3a0JBtbN3S6p3Xr0DRMXpe5iKYjWKfCTUb9t5oTOQEqwRqWJN VHvRRiFkW1yTvlYutKXJEfpvWiRzkSVNVU2KBeAg1xpONIG5UTk6IImq V0NVXkuW6n6baFXDKhc0+lvy3aBjgbFV+3HWxOea0XvE1Bq9pa2RexHUG +rmqfbkPrurqKN5uJ2c3lZtka00dppjl+q9f7rbC3Sr5CthhSH8WYl6B RF06psCG3q/IQfv6Y72iX/olaJeoOwPjcGCLDc+N7zsD5blB/SFE0vlxZ zHfWicGPG51SstzVXwl9V3P4xbS6u+r140Ov/FgXH+/N/lvfY+9z70nv qxd7X3rH3s3fmXXrM+9P7y/vb+6fT7Zx3fu+QOfXhg8Uzn3mNowP/A7vK mtA=</latexit>
[[16, 6, 3]]
<latexit sha1_base64="LmUjccd Hav4fhzA82H6DuOc8Ybw=">AAAHq3icbVXZbttGFGWSNkrdJU7z2D7QZ Q2kDiWQUpLmIWhduCtQIy68JKhGMIajK3rg4ZAeDmsJg3np1/S1/Zv+RT +hd6glIiWCBIbnHp67zCGZFIKXOor+vXP33nvv3+88+GDnw48+/uTh7q NPL8q8UgzOWS5y9TahJQgu4VxzLeBtoYBmiYA3yfWRi7/5A1TJc3mmZwW MMppKPuGMaoQudz8nQiSKsmvQfvwifBEOfKLUArncDaJeVB/+5iJeLIJ v//Pq4+Ty0f1bMs5ZlYHUTNCyHMZRoUeGKs2ZALtDqhIK1KYpmLp46+8j NPYnucJLar9GGzyaleUsS5CZUX1VtmMO3BYbVnrycmS4LCoNks0TTSrh 69x3k/DHXAHTYuZTxrDeimqsg11R7F3jxHYaiVJFiyvOptgCl0xUYzA3j CtWcY2QhFuWZxmVY0M0VWlVWHNgyHRmXkWQhXh9c2CsT6jyD43f9a3/9 FXv2SKyDne3w09rGRdqsWt4gLAND1DyJa7IRGUmtwTkeDrDnDe3dmefKG jXaFelYqdjmBBngSA2BO3iFkRRmdZ75oLoiDooatCFHc2unpzHg75xNy aILdlzz5igbxekskpqhb1LfHhvAdKknMuukq7Jylxl8+jFMnoxj34P6C4 Fx7jnrwtQVOcKu1HWnCm7b0i+wCTNwEHLDldWN2ZI9obLylZ+N2ZE9kY 1fX1aCZd5xqmww/7I4FzLSoGzGxYGE/2EJJByadCIQiCs+NQGsU+IH/R9 twuNCFE8vdJftXKQQhnMM/HNiV1WVQjKoJ5pMDAkK9GJ4MZJMnoNST4d 1m8W7hIv3a0JBtbN3S6p3Xr0DRMXpe5iKYjWKfCTUb9t5ojOQEqwRqWJN VHveRiFkW1yjvlYutKXJEfpPW+RTkSVNVU2KGeAg1xpONIG5Ujk6IImq V0NVXkuW6n6baHXDKhc0+lvy3aGjgbFV+3HWxOeakVvE1Bq9o62RexHUO +qmqfbkPrupqKN5uJ2c3lZtka00dpxjl+q9f7rbC3Sr5CthhSH8WYl6B RF06psCG3q/IQfv6Y72iX/olaJeoOwPjcGCLDc+N6zsD5blB/SFE0vlxZ zHfWicGPGp1SstzVXwl9V3P4xbS4u+r140Ov/FgWHX87/Wd4D7zPvC++ JF3tfe4fez96Jd+4x70/vL+9v759Ot3Pa+b1D5tS7dxbPPPYaRwf+BwtV mts=</latexit>
Hamming
<latexit sha1_base64="xnqM0wj SOaZf8AqGEiDuIzWW4Ic=">AAAHm3icbVXbbttGEGWSNkrcS5LmsShAl TWQOrJASgmahyB14F7SIkZcxHYCaFVjuRrRCy+X9HJZS1jsf+S1/av+RT +hs9QlIimCBJZnDs+cmR2ScS54ocPw3xs3b33y6e3Onbs7n33+xZf37j /46qzISsXglGUiU+9jWoDgEk411wLe5wpoGgt4F18euvi7v0AVPJMnep7 DOKWJ5FPOqEboT6Jhps0rmqZcJvb8fhD2w+rw24touQh+/M+rjuPzB7e vySRjZQpSM0GLYhSFuR4bqjRnAuwOKQvIKbukCZjKrPV3EZr400zhJbVf oTUeTYtinsbITKm+KJoxB26LjUo9fTY2XOalBskWiaal8HXmu8r9CVfA tJj7lDH0W1KNPtgFVZRp7NBOLVGiaH7B2QxL4JKJcgLminHFSq4RknDNs jSlcmKIpiopc2v2DJnNzfMQ0h5eL/aM9QlV/oHx933rP37ef7KMbML72 +HHlYwLNdgVPETY9vZQ8hmuyFSlJrME5GQ2x5xX13ZnlyhoerRrq1jpBK bkErQfRIbgeLgFUVQm1Z65YKxoFRQV6MKOZtdPLuLBwLgbE0SWdN0zJh jYJako40qhe44Pd5cgjYuF7DrphqzMVLqInq2iZ4voT4DTpeAI9/xNDor qTGE1ypoTZXcNyZaYpCk4aFWhEGiJOYNmRLqjlTOl1vCYdMcVfbNbMZd Zyqmwo8HYYF+LUoEbNzQGU/2IxJBwaXAQhUBY8ZkNIp8QPxj4bhdqEaJ4 cqG/b+QguTKYZ+qbY7tylQvKoOppMDQkLXASwbWTpPQS4mw2qt4s3CVe uFsTDK3ru11R96vW14Y4L/Q+WkG0SoGfiOptM4d0DlKCNSqJrQn7T3thL 7R1zhGfSGd9RXKU/tMG6ViUaV2lRTkBbORaw5FalEOR4RTUSU03VGWZb KQaNIXeMKByQ2ewLdsJTjQovi4/2prwrVb0Ogal5h9pW8R+AfXR1SJdS+ rlVUlrxUXN4rKiaLSoVdpRhl+qzfqrbA3Sa0jXTYp6UdsJToqiSVnUhN o6v+LHrz4dTcu/qXWi/rBXna0GAqw2vv+kV50Nys9JgkMvVyPmKuqHvVa P31KxWdZCCX9VUfPH1F6cDfrRsD/4IwwOvlv8s7w73tfet94jL/J+8A6 8V96xd+oxT3kfvL+9fzrfdA47v3deL6g3byyfeejVjs7p/34ZlmQ=</la texit>
[[15, 7, 3]]
<latexit sha1_base64="1pGKIHH CG4byAZKqW/uU8fP/4/g=">AAAHq3icbVXZbttGFGXSNkrdzWke0we6r IHUoQRSipE8BK0LdwVqxIWXBNUIxnB0RQ88HNLDYS1hMC/9mr62f9O/6C f0DrVEpESQwPDcw3OXOSSTQvBSR9G/9+6/9/4HDzoPP9z56ONPPv1s99 Hnl2VeKQYXLBe5epvQEgSXcKG5FvC2UECzRMCb5ObYxd/8AarkuTzXswJ GGU0ln3BGNUJXu18QIRJF2Q1oPz4MX4QDnyi1QK52g6gX1Ye/uYgXi+D b/7z6OL169OCOjHNWZSA1E7Qsh3FU6JGhSnMmwO6QqoQCtWkKpi7e+vsI jf1JrvCS2q/RBo9mZTnLEmRmVF+X7ZgDt8WGlZ68HBkui0qDZPNEk0r4 OvfdJPwxV8C0mPmUMay3ohrrYNcUe9c4sZ1GolTR4pqzKbbAJRPVGMwt4 4pVXCMk4Y7lWUbl2BBNVVoV1hwYMp2ZVxFkIV7fHBjrE6r8I+N3fes/e 9V7voisw93t8LNaxoVa7BoeIGzDA5R8iSsyUZnJLQE5ns4w5+2d3dknCt o12lWp2OkYJsRZIIgNQbu4BVFUpvWeuSA6og6KGnRhR7OrJ+fxoG/cjQ liS/bcMybo2wWprJJaYe8KH95bgDQp57KrpGuyMlfZPHq5jF7Oo98Dukv BCe756wIU1bnCbpQ158ruG5IvMEkzcNCyw5XVjRmSveGyspXfjRmRvVF NX59WwmWecSrssD8yONeyUuDshoXBRD8lCaRcGjSiEAgrPrVB7BPiB33f 7UIjQhRPr/XXrRykUAbzTHxzapdVFYIyqGcaDAzJSnQiuHGSjN5Akk+H 9ZuFu8RLd2uCgXVzt0tqtx59w8RFqbtYCqJ1Cvxk1G+bOaYzkBKsUWliT dQ7DKMwsk3OCR9LV/qS5Ci9wxbpVFRZU2WDcg44yJWGI21QjkWOLmiS2 tVQleeylarfFnrNgMo1nf62bOfoaFB81X68NeGZVvQuAaVm72hbxH4E9a 6qeboNqe9uK9poLm43l5dla0QbrZ3k+KVa77/O1iL9CtlqSHEYb1aCTl E0rcqG0KbOT/jxa7qjXfIvapWoNwjrc2OAAMuN7z0P67NF+SFN0fRyaTH XUS8KN2Z8RsV6W3Ml/FXF7R/T5uKy34sHvf5vUXD01fyf5T30nnhfek+ 92HvhHXk/e6fehce8P72/vL+9fzrdzlnn9w6ZU+/fWzzz2GscHfgfC1Oa 2w==</latexit>
[[16, 6, 4]]
<latexit sha1_base64="hn/ffJ6 Mn1mcRbJF2GuuhHYv60M=">AAAHq3icbVXZbttGFGXSNkrdJU772D7QZ Q2kDiWQkpPmIWhduCtQIy68JKhGMIajK3rg4ZAeDmsJg3np1/S1/Zv+RT +hd6glIiWCBIbnHp67zCGZFIKXOor+vXf/nXffe9B5+P7OBx9+9PGj3c efXJZ5pRhcsFzk6k1CSxBcwoXmWsCbQgHNEgGvk5tjF3/9B6iS5/Jczwo YZTSVfMIZ1Qhd7X5OhEgUZTeg/fh5+Dw89IlSC+RqN4h6UX34m4t4sQi +/c+rj9Orxw/uyDhnVQZSM0HLchhHhR4ZqjRnAuwOqUooUJumYOrirb+P 0Nif5Aovqf0abfBoVpazLEFmRvV12Y45cFtsWOnJi5Hhsqg0SDZPNKmE r3PfTcIfcwVMi5lPGcN6K6qxDnZNsXeNE9tpJEoVLa45m2ILXDJRjcHcM q5YxTVCEu5YnmVUjg3RVKVVYc2BIdOZeRlBFuL1zYGxPqHKPzJ+17f+0 5e9w0VkHe5uh5/WMi7UYtfwAGEbHqDkC1yRicpMbgnI8XSGOW/v7M4+Ud Cu0a5KxU7HMCHOAkFsCNrFLYiiMq33zAXREXVQ1KALO5pdPTmPB33jbk wQW7LnnjFB3y5IZZXUCntX+PDeAqRJOZddJV2TlbnK5tHLZfRyHv0e0F0 KTnDPXxWgqM4VdqOsOVd235B8gUmagYOWHa6sbsyQ7A2Xla38bsyI7I1 q+vq0Ei7zjFNhh/2RwbmWlQJnNywMJvoJSSDl0qARhUBY8akNYp8QP+j7 bhcaEaJ4eq2/auUghTKYZ+KbU7usqhCUQT3TYGBIVqITwY2TZPQGknw6 rN8s3CVeulsTDKybu11Su/XoGyYuSt3FUhCtU+Ano37bzDGdgZRgjUoTa 6LeszAKI9vknPCxdKUvSY7Se9YinYoqa6psUM4BB7nScKQNyrHI0QVNU rsaqvJctlL120KvGFC5ptPflu0cHQ2Kr9qPtyY804reJaDU7C1ti9iPoN 5WNU+3IfXdbUUbzcXt5vKybI1oo7WTHL9U6/3X2VqkXyFbDSkO481K0C mKplXZENrU+Qk/fk13tEv+Ra0S9QZhfW4MEGC58b3DsD5blB/SFE0vlxZ zHfWicGPGZ1SstzVXwl9V3P4xbS4u+7140Ov/FgVHX87/Wd5D7zPvC++ JF3tfe0fez96pd+Ex70/vL+9v759Ot3PW+b1D5tT79xbPfOo1jg78DxKK mtw=</latexit>
FIG. 3. A comparison of some of the small codes for which
we find distance-three fault-tolerant stabilizer measurement
sequences. For each code we have given the shortest known
stabilizer measurement sequence, following the X, Y , Z color
convention of Fig. 2. (Distance-four fault-tolerant error cor-
rection for the [[16, 4, 4]] and [[16, 6, 4]] codes is considered in
Sec. VIII B.)
To further illustrate the savings obtained in this work,
consider the [[16, 6, 4]] extended Hamming code. We prove
that distance-three fault-tolerant error correction is possi-
ble with this code using 10 stabilizer measurements: 5 X
and 5 Z measurements. A popular alternative is the Shor
scheme which requires up to 40 stabilizer measurements
(four rounds of five measurements for each error type)
[Sho96]. Additionally, we design measurement sequences
that allow for fault-tolerant logical measurement of any X
or Z logical operator combined with fault-tolerant error
correction with only 11 measurements. For comparison,
one could perform a logical Z measurement by measur-
ing a representative of the logical operator three times.
To obtain the right outcome after a majority vote, X
error correction must be performed between logical mea-
surements; then finally Z error correction. Using Shor’s
scheme, this approach uses a total of 63 = 3(1 + 20) mea-
surements. Our method is over five times faster. The fact
that 11 measurements suffice to perform simultaneously
a logical measurement and fault-tolerant error correction
for a code defined by 10 independent stabilizer generators
is surprising. We introduce the concept of single-shot
logical measurement in Sec. X E.
Our aim here is not to propose one, most efficient error-
correction procedure. Instead, we show a variety of new
techniques for different codes. No doubt there is room
3Available Pauli Length of our measurement sequence
Code type (d = 3) measurements Nonadaptive case Adaptive case
CSS code All-X, all-Z 2R− 2 R to 2R− 2 (Sec. IV C)
Self-dual CSS code All-X, all-Z R to 3
2
R (Claim 12)
Stabilizer code Arbitrary 2R R to 2R (Theorem 3)
FIG. 4. Summary of some of our general results for distance-three stabilizer codes, [[n, n−R, 3]]. R is the number of stabilizer
generators. By all-X, all-Z measurements, we mean that the algorithm measures only operators that are tensor products of X
and I, or of Z and I. In comparison, Shor’s adaptive fault-tolerant measurement sequence has length 2R to 4R in all cases.
for further improvement. In the end, choosing an error-
correction method requires balancing tradeoffs, such as a
space-time tradeoff between code size and error correction
time. There is a rich scope for exploration.
In Sec. II we define fault-tolerant error correction.
Sec. III uses the [[7, 1, 3]] Steane code to introduce the prob-
lem of Shor-style fault-tolerant error correction. Sec. IV
generalizes that example to arbitrary distance-three CSS
codes, with both nonadaptive and adaptive stabilizer mea-
surement orders. Sec. V introduces the non-CSS setting,
using the [[5, 1, 3]] code as an example. Sec. VI shows that
even for CSS codes—for Hamming codes, including the
[[7, 1, 3]] code—it can be more efficient to mix X and Z
error correction than to run them separately. Sec. VII
shows that single-shot fault-tolerant error correction is
possible, for a certain [[16, 4, 3]] color code. Sec. VIII
presents five new families of codes, all of distance three or
four, that give different tradeoffs for encoding rate versus
the number of stabilizer measurement rounds needed for
fault-tolerant error correction. Sec. X studies the problem
of combining logical measurement with error correction.
The appendices include several extensions. For example,
in Appendix D we consider alternative models for stabi-
lizer measurement, including flagged measurements (along
the lines of the “flag paradigm” [CR18]) and stabilizer
measurements in parallel.
II. FAULT TOLERANCE
Definition 1 (Fault tolerant error correction). An error-
correction procedure is fault tolerant to distance d = 2t+1,
if provided the number of input and internal faults is at
most t, the output error’s weight, up to stabilizers, is
at most the number of internal faults. For CSS fault
tolerance, the weight of a Pauli error is taken to be the
maximum weight of its X and Z parts, up to stabilizers.
For example, X ⊗ Y ⊗Z has weight three, but its X and
Z parts, X ⊗X ⊗ I and I ⊗ Z ⊗ Z, have weight two.
Another fault-tolerance condition can also be re-
quired [AGP06, Got10]: on an arbitrary input, provided
that the number of internal faults is at most t, the output
should lie at most distance t from the codespace. This
condition is important for concatenated fault-tolerance
schemes, in which a corrupted codeword must be returned
to the codespace so that the next higher level of error
X
<latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit>
X
<latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit>
co
rr
ec
t
<latexit sha1_base64="fuQuc3rPpOxjx/Ya3BVxiGo1/5A=">AAAB+3icbVDLSsNAFL2pr1pfUZe6CBZBXJSkCrqz4MZlBfuAtpTJdNIOnTyYuRFLyMZfcSPiRsF/8Bf8Cz/BSdpNWy8MHM65c+89x40EV2jbP0ZhZXVtfaO4Wdra3tndM/cPmiqMJWUNGopQtl2imOABayBHwdqRZMR3BWu549tMbz0yqXgYPOAkYj2fDAPucUpQU33zuJvPSFxB6DgtdZE9YUJDKRnFtG+W7Yqdl7UMnBko3/xCXvW++d0dhDT2WYBUEKU6jh1hLyESORVMj48Vi/QiMmRJvje1TjU1sLxQ6heglbNzfcRXauK7utMnOFKLWkb+p3Vi9K57CQ+iGFlAp4u8WFgYWlkQ1oBnHsVEA0Il1xdadEQkoajjKmnrzqLRZdCsVpyLSvX+slw7n2YARTiCEzgDB66gBndQhwZQeIZX+IBPIzVejDfjfdpaMGZ/DmGujK8/rc+WDg==</latexit>
2,
3
<latexit sha1_base64="FEDAdAjEMXDIHA+C8EpdggK0WIo=">AAAB+HicbVDbSkJBFN3HbmY3q6foZUiDiJBzNKi3hF56NMgLqMiccdShORdm9onsIP1KLxG9FPQV/UJ/0Sc0Hn1R2zCwWGvNviw3lEKjbf9YqaXlldW19HpmY3Nreye7u1fTQaQYr7JABqrhUs2l8HkVBUreCBWnnit53b2/Huv1B660CPw7HIa87dG+L3qCUTRUJ3vQSnrEindHmRbyR4zzxTNSyo862ZxdsJMii8CZgtzVLyRV6WS/W92ARR73kUmqddOxQ2zHVKFgkpvukeYhZfe0z+Nk6IgcG6pLeoEyz0eSsDM+6mk99Fzj9CgO9Lw2Jv/TmhH2Ltux8MMIuc8mg3qRJBiQcQqkKxRnKIcGUKaE2ZCwAVWUockqY0535g9dBLViwSkVirfnufLpJANIwyEcwQk4cAFluIEKVIHBM7zCB3xaT9aL9Wa9T6wpa/pnH2bK+voDEZ6TNQ==</latexit>
(a)
co
rr
ec
t
<latexit sha1_base64="fuQuc3rPpOxjx/Ya3BVxiGo1/5A=">AAAB+3icbVDLSsNAFL2pr1pfUZe6CBZBXJSkCrqz4MZlBfuAtpTJdNIOnTyYuRFLyMZfcSPiRsF/8Bf8Cz/BSdpNWy8MHM65c+89x40EV2jbP0ZhZXVtfaO4Wdra3tndM/cPmiqMJWUNGopQtl2imOABayBHwdqRZMR3BWu549tMbz0yqXgYPOAkYj2fDAPucUpQU33zuJvPSFxB6DgtdZE9YUJDKRnFtG+W7Yqdl7UMnBko3/xCXvW++d0dhDT2WYBUEKU6jh1hLyESORVMj48Vi/QiMmRJvje1TjU1sLxQ6heglbNzfcRXauK7utMnOFKLWkb+p3Vi9K57CQ+iGFlAp4u8WFgYWlkQ1oBnHsVEA0Il1xdadEQkoajjKmnrzqLRZdCsVpyLSvX+slw7n2YARTiCEzgDB66gBndQhwZQeIZX+IBPIzVejDfjfdpaMGZ/DmGujK8/rc+WDg==</latexit>
2,
3
<latexit sha1_base64="FEDAdAjEMXDIHA+C8EpdggK0WIo=">AAAB+HicbVDbSkJBFN3HbmY3q6foZUiDiJBzNKi3hF56NMgLqMiccdShORdm9onsIP1KLxG9FPQV/UJ/0Sc0Hn1R2zCwWGvNviw3lEKjbf9YqaXlldW19HpmY3Nreye7u1fTQaQYr7JABqrhUs2l8HkVBUreCBWnnit53b2/Huv1B660CPw7HIa87dG+L3qCUTRUJ3vQSnrEindHmRbyR4zzxTNSyo862ZxdsJMii8CZgtzVLyRV6WS/W92ARR73kUmqddOxQ2zHVKFgkpvukeYhZfe0z+Nk6IgcG6pLeoEyz0eSsDM+6mk99Fzj9CgO9Lw2Jv/TmhH2Ltux8MMIuc8mg3qRJBiQcQqkKxRnKIcGUKaE2ZCwAVWUockqY0535g9dBLViwSkVirfnufLpJANIwyEcwQk4cAFluIEKVIHBM7zCB3xaT9aL9Wa9T6wpa/pnH2bK+voDEZ6TNQ==</latexit>
X
<latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit><latexit sha1_base64="X65ASG3pWZ8X cnUOrn1S0EIyUAU=">AAAB6nicbVDLSgMxFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0 Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9 219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTl XkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5V ShYJLP7EGmeUrZhI54XgyakQsjBSRMlDkxkkJdytFI62nkm2REcaxXvbn4n9fPMLzz chGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U2 9elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3xZ0nq13q2PRbRilXdOYQnW9x92tI2b</la texit>
X
<latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit>
X
<latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit>
X
<latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit><latexit sha1_base64="X65ASG3pWZ8XcnUOrn1S0EIyUAU=">AAAB6nicbVDLSgM xFL1TX3V8VV26CRbFVZkRQZcFNy4r2Ae0Q8lkMm1o5mFyRyhDf8KNiBsFP8Zf8G9Mp7Np64HA4ZyT3Jzrp1JodJxfq7KxubW9U9219/YPDo9qxycdnWSK8TZLZKJ6PtVcipi 3UaDkvVRxGvmSd/3J/dzvvnClRRI/4TTlXkRHsQgFo2gkb1C8kCsezOzesFZ3Gk4Bsk7cktShRGtY+xkECcsiHiOTVOu+66To5VShYJLP7EGmeUrZhI54XgyakQsjBSRMlDk xkkJdytFI62nkm2REcaxXvbn4n9fPMLzzchGnGfKYLQaFmSSYkHlvEgjFGcqpIZQpYX5I2JgqytBsxzbV3dWi66Rz3XCdhvt4U29elkuowhmcwxW4cAtNeIAWtIHBM7zBJ3x Z0nq13q2PRbRilXdOYQnW9x92tI2b</latexit>
(b)
FIG. 5. Fault tolerance does not imply concatenation fault
tolerance. For the six-bit repetition code {000000, 111111},
five syndrome bit measurements (single shot) suffice for error
correction fault tolerant to distance three. However, there are
no correction rules to make this procedure concatenation fault
tolerant to distance three. In (a) are shown two input errors
that must be corrected back to the codespace (by correcting
either bits 2, 3 or bits 1, 4, 5, 6) for CFT to hold. However,
then a single internal fault (b) can result in the output being
distance three from the codespace, contradicting CFT.
correction can correct an encoded error. With apologies
to field theorists, we call this stricter definition “concate-
nation fault tolerant” (CFT) error correction. For the
fault-tolerant computation at the highest level of code
concatenation, only Definition 1 is needed.
For perfect distance-three codes, CSS or not, fault
tolerant and CFT error correction are equivalent, but
this equivalence does not hold in general. Figure 5 shows
an error-correction procedure for the six-bit repetition
code that is fault tolerant to distance three but not CFT
to distance three. Concatenation is a useful tool for
proving the threshold theorem [AGP06, Got10]. However,
it is difficult to imagine multiple concatenation levels
being used in practice because of the high qubit and time
overhead. Therefore in the sequel we mostly consider only
the weaker Definition 1 (except in Sec. VII).
(Concatenation fault-tolerant error correction can also
be used for state preparation. For example, for an
[[n, k, d]] CSS code, α = 〈0n|0k〉 > 0, so |0n〉 =
1
α |0n〉〈0n|0k〉 = 1α
(
I+Z
2
)⊗n|0k〉 = 12nα∑S⊆[n] ZS |0k〉;
and so starting from |0n〉 one can fault-tolerantly pre-
pare the encoded state |0k〉 using a concatenation fault-
tolerant Z error-correction procedure. However, there
are usually more efficient methods for fault-tolerant state
preparation [PR12, ZLB18].)
Note that Definition 1 is for error correction. Different
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(a) Non-fault-tolerant measurement
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<latexit sha1_bas e64="juziOhkMnJ6ZQkdgpW6QgjvgNzY= ">AAAB4nicbVDLSgMxFL3js9ZX1aWbYBH ERZmpgu4suHFZwWkLbSmZTKYNzUyG5I5Q Sn/AjYgbBT/IX/Av/ATTaTdtPRA4nHPCv ecGqRQGXffHWVvf2NzaLuwUd/f2Dw5LR8 cNozLNuM+UVLoVUMOlSLiPAiVvpZrTOJC 8GQzvp37zmWsjVPKEo5R3Y9pPRCQYRSv5 nTQmrV6p7FbcHGSVeHNSvvuFHPVe6bsTKp bFPEEmqTFtz02xO6YaBZN8UuxkhqeUDWm fj/MVJ+TcSiGJlLYvQZKrCzkaGzOKA5uM KQ7MsjcV//PaGUa33bFI0gx5wmaDokwSV GTal4RCc4ZyZAllWtgNCRtQTRnaqxRtdW +56CppVCveVaX6eF2uXc5uAAU4hTO4AA9 uoAYPUAcfGAh4hQ/4dELnxXlz3mfRNWf+ 5wQW4Hz9AcoMiyM=</latexit>h0|
<latexit sha1_bas e64="ZoYojqTcbjEr7xc9Fu5iLWfuJSk= ">AAAHZHicbVXtbtxEFHULZEso0FLxCwk 5WJFKulnZu6nojwoFhY8iETWoSVopE0Xj 2bvOEHvGmRmTXY3mHfgLb8YL8Bzc8X50b a9lS+Nzz5x77/G1nZY51yaO/713/4MPP9 rqPfh4+5OHn372+aPHX5xrWSkGZ0zmUr1 LqYacCzgz3OTwrlRAizSHt+nNkY+//ROU 5lKcmlkJlwXNBJ9wRg1C5yRVNIyvHkXxIK 6PsLtIFosoWBwnV4+3XpGxZFUBwrCcan2 RxKW5tFQZznJw26TSUFJ2QzOwdZEu3EVo HE6kwkuYsEYbPFpoPStSZBbUXOt2zIObY heVmby4tFyUlQHB5okmVR4aGfqOwzFXwE w+CyljWG9FDdbBrqmizKAz241EmaLlNWd TbIELlldjsLeMK1Zxg5CAOyaLgoqxJYaq rCqd3bNkOrMvYyj6eH2/Z11IqAoPbbgfu vDZy8HBIrIO72+Gn9UyPtRi1/AIYdffQ8 kXuCITVVjpCIjxdIY5b+/c9i5R0K7RrUr FTscwITdgwiixBMfCL4iiIqufmQ/6efDB vAZ92NPcauc8Hg2tv7FR4siO32OjoVuQd JXWCjtXuHlnAdJUz2VXSddkhVTFPHq+jJ 7Poz8CTpeCY3zmr0tQ1EiF3ShnT5XbtUQ uMEEL8JDvcL39lAtZcJq7i+GlRaN0pcDP D2aCiXlKUsi4sDhZeY6w4lMXJSEhYTQMva 2NCFE8uzbftnKQUlnMMwntiVsaUOaUQW1 SNLKk0Dha4P0hBb2BVE4v6lcFbefa39po 5LyRbkndr71sTGWpzT6WgmidAt/1+vWxR 3QGQoCzKkudjQfP+3E/dk3OMR8LX/qS5C mD5y3SSV4VTZUO5RTQyJWGJ3UoR7nEx9o ktauhSkrRSjVsC71mQMWaznBTtlMcUVB8 1X6yMeEbo+hdCkrN3tM2iP0M6n1V83Qdq R9uK9poLmk3J7VuWdRp7Vjip2e9/zpbi/ QbFCuTkn7SrQQnRdGs0g2hrs4v+DVrTke 75F/VKtFg1K/PjoEAywc/OOjXZ4vyU5bh 0IvliPmOBnG/4/Ebmq+3NVfCf0/S/tN0F +fDQTIaDH8/iA73Fn+hB8FXwTfB0yAJvg sOg1fBSXAWsOCP4K/g7+Cfrf96D3tPel/ OqffvLfY8CRpH7+v/AduOfzE=</latexi t>
±X<latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit>
±X<latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit>
±X<latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit><latexit sha1_bas e64="YDmI7OSPjM0F3ADT79PK2lksAuY= ">AAACBnicbVDLSsNAFL3xWesr6tLNYBF FpCRF0GXBje4q2Ae0pUwmk3boJBNmJkIJ 2bvxV9yIuFFw6S/4N07TbNp6mIHDue/jx Zwp7Ti/1srq2vrGZmmrvL2zu7dvHxy2lE gkoU0iuJAdDyvKWUSbmmlOO7GkOPQ4bXv j22m8/USlYiJ61JOY9kM8jFjACNZGGthn PZ8GpjbvlN5LEWWpHHpZWq1d5i8r9+IQdQ Z2xak6OdAycQtSgQKNgf3T8wVJQhppwrF SXdeJdT/FUjPCqemaKBpjMsZDmubDM3Rq JB8FQpofaZSrc3k4VGoSeiYzxHqkFmNT8 b9YN9HBTT9lUZxoGpHZoCDhSAs09QT5TF Ki+cQQTCQzGyIywhITbZwrm9PdxUOXSat WdZ2q+3BVqV8UJpTgGE7gHFy4hjrcQQOa QOAF3uATvqxn69V6tz5mqStWUXMEc7C+/ wCmNZeY</latexit>
fault-tolerant
<latexit sha1_bas e64="55FZgIBfpgYSnaKaHw9c28Ujy6w= ">AAAHbHicbVXbbtw2EFXS1pu6t6TpW1B AruAidXYX0m6C5CEoXLiXFKgRF7GdAKZr UNxZmTBFyhRV74Lgf/S1/av+RL+hQ+0lK 8mCBFBnDs/MHI2ktBC8NHH87527H3z40V bv3sfbn3z62edf3H/w5WmpKs3ghCmh9Lu UliC4hBPDjYB3hQaapwLeplcHPv72T9Al V/LYzAs4z2km+ZQzahD6Y0orYQZGCdBUmo v7UTyM6yPsLpLlIgqWx9HFg61XZKJYlYM 0TNCyPEviwpxbqg1nAtw2qUooKLuiGdi6 WBfuIjQJp0rjJU1Yow0ezctynqfIzKm5L NsxD94WO6vM9MW55bKoDEi2SDStRGhU6D sPJ1wDM2IeUsaw3ooarINdUk2ZQYe2G4k yTYtLzmbYApdMVBOw14xrVnGDkIQbpvKc yoklhuqsKpzds2Q2ty9jyPt4fb9nXUioD vdtOAhd+OTl8OkysgkPboef1DI+1GLX8B hh199DyRe4IlOdW+UIyMlsjjmvb9z2LtH QrtGtS8VOJzAlV2DCKLEEx8MvCE5AVj8z H0w1rYOiBn3Y09x65yIejay/sVHiyI7fY 6ORW5LKKq0Vdi5w884SpGm5kF0n3ZCVSu eL6OkqerqI/gg4XRoO8Zm/LnBUjdLYjXb 2WLtdS9QSkzQHD/kON9tPuVQ5p8Kdjc4t GlVWGvz8YCaYmsckhYxLi5MlBMKaz1yUhI SE0Sj0tjYiRPPs0nzXykEKbTHPNLRHbmV AISiD2qRobEle4miB94fk9ApSNTurXxW0 nZf+1kZj5410K+qg9rIxlUVpBlgKonUKf Ofr18ce0DlICc7qLHU2Hj7rx/3YNTmHfC J96SuSpwyftUhHosqbKh3KMaCRaw1P6lA OhMLH2iS1q6FaKdlKNWoLvWZA5YbO6LZs xziioPm6/eTWhG+MpjcpaD1/T7tF7GfQ7 6tapOtI/XBd0UZzSbs5VZYtizqtHSr89G z2X2drkX6DfG1S0k+6leCkaJpVZUOoq/M Lfs2a09Eu+Ve9TjQc9+uzYyDA6sEPn/br s0X5Kctw6OVqxHxHw7jf8fgNFZttLZTw3 5O0/zTdxelomIyHo99H0f7e8i90L3gUfB M8DpLgebAfvAqOgpOABTr4K/g7+Gfrv95 XvUe9rxfUu3eWex4GjaP37f/ywoNQ</la texit>
cat state
<latexit sha1_bas e64="75bOaDLV+tl0fcG5cqonw9UD6Dc= ">AAAHZ3icbVXtbts2FFW7Le6yj7YrMAz YH2ZCgC51DMlu0f4ohgzZRwcsaIYmaYsw CCj6WiEiUQpJLTYIPsX+bg+2R9hb7FL+q CVZkGHq3KNz77m8kpIyE9pE0b937n708S dbvXufbn/2+Rdf3n/w8KszXVSKwykvskK 9S5iGTEg4NcJk8K5UwPIkg7fJ9aGPv/0T lBaFPDGzEi5ylkoxEZwZhN7jH9GGGbh8EE aDqD5IdxEvFmGwOI4vH269ouOCVzlIwzO m9XkclebCMmUEz8Bt00pDyfg1S8HWdTqy i9CYTAqFP2lIjTZ4LNd6lifIzJm50u2YB zfFziszeXFhhSwrA5LPE02qjJiCeNNkLB Rwk80I4xzrrdDwmPArphg32JztRqJUsfJ K8ClaEJJn1RjsDReKV8IgJOGWF3nO5NhS w1Ralc7uWTqd2ZcR5H38/bBnHaFMkQNL9 okjT14Oni4i6/D+ZvhJLeNDLXYNjxB2/T 2UfIErOlG5LRwFOZ7OMOfNrdvepQraNbp Vqeh0DBN6DYaEsaU4GX5BFZNpvWc+mChW B7Ma9GFPc6s75/FwaP2FDWNHd/w9Nhy6B UlXSa2wc4k37yxAlui57CrpmqwsVD6Pni 2jZ/PoT4DTpeAI9/x1CYqZQqEb5eyJcru WFgtMshw85B2u20+ELHLBMnc+vLDYKF0p 8PODmWBiHtMEUiEtTlaWIazE1IUxoZSEQ+ Lb2ohQJdIr830rBy2VxTwTYo/dsgFlxjj UTQpHluYaRwt8f2jOriEppuf1o4JtF9pf 2nDkfCPdkrpf97IxlaU2+1gKonUKfNzrx 8ceshlICc6qNHE2GjzrR/3INTlHYix96U uSpwyetUjHWZU3VTqUE8BGrjQ8qUM5zAr c1iapXQ1TRSFbqYZtodccmFzTGW7KdoIj Ckqs7McbE74xit0moNTsA22D2C+gPlQ1T 9eR+vGmYg1zcdtcoXWrRR1rRwW+etb919 lapN8hXzUp7sfdSnBSFEsr3RDq6vyKb7P mdLRL/k2tEg1G/frsNBBgufGDp/36bFF+ TlMcerkcMe9oEPU7PX7DsnVbcyX89sTtL 013cTYcxKPB8I9heLC3+ArdC74NvgseB3 HwPDgIXgXHwWnAgzz4K/g7+Gfrv9793te 9b+bUu3cW9zwKGkdv53+CyIDl</latexi t>
(b) Fault-tolerant measurement
FIG. 6. (a) A w-qubit cat state, 1√
2
(|0w〉 + |1w〉), can be
used to measure X⊗w, as shown here with w = 4. However,
the cat state should be prepared fault tolerantly, which here
it is not: a single X fault, at the location in red, spreads to
a weight-two X error on the data. (b) The w = 4 qubit cat
state can be prepared fault tolerantly using one extra ancilla
qubit; conditioning on measuring an even parity for the first
two qubits avoids the problem in (a), so that this circuit is
fault tolerant.
definitions apply for error detection and for combinations
of detection and correction. (For example, a distance-
three code can detect up to two errors, and a distance-four
code can detect three errors, or detect two and correct
one error.) We focus on error correction.
III. MODEL: ERROR CORRECTION BASED
ON SINGLE SYNDROME BIT MEASUREMENTS
In this section we introduce the model of Shor-style
fault-tolerant error correction [Sho96], based on fault-
tolerantly measuring one syndrome bit at a time. We
illustrate the model using the [[7, 1, 3]] Steane code as an
example. In Sec. IV, we will generalize the arguments to
distance-three CSS codes.
A. Shor-style syndrome measurement
In Shor-style syndrome measurement schemes, stabiliz-
ers are measured one bit at a time using fault-tolerantly
prepared cat states. For example, to measure X⊗w, one
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FIG. 7. Two circuits for measuring X⊗6 using three ancilla
qubits. Both circuits are CSS fault tolerant to distance three,
i.e., a single X fault will result in a data error of weight
at most one. The first circuit is from [CR18], generalizing
a construction due to [Ste14, YK17]. Note that the second
circuit does not use a cat state. It is a special case of a “flag
fault-tolerant” procedure from [PR20].
can first prepare a cat state 1√
2
(|0w〉+ |1w〉) using a fault-
tolerant Clifford circuit. (For fault tolerance to distance
d = 2t+ 1, the preparation circuit should satisfy that for
any k ≤ t Pauli gate faults, the weight of the error on the
output state, modulo stabilizers, is at most k.) Then this
cat state is coupled to the data with transversal CNOT
gates and each of its qubits measured in the Hadamard,
or |+〉/|−〉, basis. The parity of the w measurements is
the desired syndrome bit. See Fig. 6.
One can also measure X⊗w with a cat state on, po-
tentially, fewer than w qubits, or even without using a
cat state at all [Ste14, YK17, CR18]. For example, Fig. 7
shows two circuits for measuring X⊗6 using only three
ancilla qubits, both CSS fault tolerant to distance three.
Here we take (CSS) fault-tolerant syndrome bit mea-
surement as a primitive, and use it as a building block
for fault-tolerant error correction, fault-tolerant logical
measurement, and other operations. The details of how
stabilizers are measured will not be important. What is
important is that they are measured one at a time, in
sequence, and not all at once as in Steane-style [Ste97]
or Knill-style [Kni05] error correction. In Appendix D
we consider other syndrome measurement models, includ-
ing flag fault-tolerant measurement [CR18] and models
intermediate between Shor- and Steane-style syndrome
measurement.
5B. Error correction for the [[7, 1, 3]] code
Consider Steane’s [[7, 1, 3]] code [Ste96], a self-dual CSS
code with Z stabilizers given by
I⊗I⊗I⊗Z⊗Z⊗Z⊗Z
I⊗Z⊗Z⊗I⊗I⊗Z⊗Z
Z⊗I⊗Z⊗I⊗Z⊗I⊗Z
The code can correct one input X error—it has distance
three—because every weight-one X error has a distinct
syndrome, e.g., X1 gives syndrome 001 because it com-
mutes with the first two stabilizers and anticommutes
with the third.
However, it is not fault tolerant to simply measure these
three stabilizers and apply the corresponding correction.
For example, it might be that the input is perfect but an
X7 fault occurs right after measuring the second stabilizer.
Then the observed syndrome will be 001, and applying
an X1 correction will leave the data with a weight-two
error, X1X7. Similarly, an X7 fault after measuring the
first stabilizer will give syndrome 011 and therefore leave
the corrected data with error X3X7.
To handle faults that occur during error correction,
for this code we need more stabilizer measurements. For
example, say we measure the first stabilizer again, so the
measurement sequence is
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1
0 0 0 1 1 1 1
where we have adopted a less cumbersome notation, with
0 meaning I and 1 meaning Z. Now an internal X7 fault
can result in the syndromes 0111, 0011, 0001 or 0000
(coming from suffixes of the last column above). As none
of these syndromes can be confused with that from an
input error on a different qubit, an error-correction pro-
cedure can safely apply no correction at all in these cases.
(Alternatively, one could correct X7 for the syndrome
0111 and give no correction for 0011 or 0001.)
However, the above four-measurement sequence still
does not suffice for fault-tolerant X error correction, be-
cause an internal fault on qubit 3 can also cause the
syndrome 0010. A fifth measurement is needed to distin-
guish an input X1 error from an internal X3 fault. For
example, this measurement sequence works:
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1
0 0 0 1 1 1 1
0 1 1 0 0 1 1
(1)
Note that after the first four stabilizer measurements,
the only bad case remaining is the suffix 0010 of column 3,
0110. For the fifth measurement, we can therefore use any
stabilizer that distinguishes qubits 1 and 3. This need
not be one of the stabilizer generators, e.g., 0111100 also
works.
In this paper, we will develop fault-tolerant stabilizer
measurement sequences for other codes, including codes
with distance > 3, for error correction and other opera-
tions. In addition to fixed measurement sequences like
Eq. (1), we will also consider adaptive measurement se-
quences, in which the choice of the next stabilizer to
measure depends on the syndrome bits already observed.
IV. DISTANCE-THREE CSS CODES
Having established the setting of sequential fault-
tolerant stabilizer measurements, let us next consider
stabilizer measurement sequences for fault-tolerant error
correction for general distance-three CSS codes.
A. Algorithm for distance-three CSS codes
The argument leading to Eq. (1) suggests a general
procedure for constructing measurement sequences for
distance-three CSS fault-tolerant error correction:
• Call a pair (i, j) of qubits “bad” if an internal fault on
qubit j can result in the same syndrome as an X input
error on a different qubit i. If the columns of the length-
m measurement sequence are c1, . . . , cn ∈ {0, 1}m, then
qubit j is bad if for some k ∈ {0, 1, . . . ,m}, the suffix
0k(cj)k+1 . . . (cj)m = ci with i 6= j.
• Then repeat, while there exists a bad pair (i, j): Append
to the measurement sequence a stabilizer that is 0 on
qubit i and 1 on qubit j, or vice versa.
The algorithm eventually terminates because for a
distance-three CSS code, for any pair (i, j) there must
exist a Z stabilizer that distinguishes Xi from Xj . (That
is, unless the code is degenerate, i.e., XiXj is a stabi-
lizer. For a degenerate code with weight-two stabilizers,
the definition of “bad” should require that Xi and Xj
be inequivalent.) When there are no bad pairs left, the
procedure is CSS fault tolerant to distance three.
A natural greedy version of this algorithm might, for
example, choose to add the stabilizer that eliminates the
most bad qubit pairs.
B. Nonadaptive measurement sequence for any
distance-three CSS code
We next construct a fault-tolerant error-correction pro-
cedure for any distance-three CSS code:
Theorem 2. Consider an [[n, n− rZ − rX , 3]] CSS code
with rZ independent Z stabilizer generators g1, . . . , grZ .
6Then fault-tolerant X error correction can be realized
with 2rZ − 1 syndrome bit measurements, by measuring
in order all the generators g1, . . . , grZ , followed by just
g1, . . . , grZ−1.
For example, for Steane’s [[7, 1, 3]] code, X and Z error
correction can each be done with five measurements, as in
Eq. (1). This is optimal, in the sense of using the fewest
possible Z measurements for X error correction. More
generally, for the [[2r − 1, 2r − 1− 2r, 3]] Hamming code
(see Sec. VI below), X and Z error correction can each
be done with 2r − 1 syndrome bit measurements. For
some other distance-three codes, fewer measurements are
possible, as we will see in Secs. VII and VIII.
Proof of Theorem 2. The concern is that an internal X
fault might be confused with an input X error. (We
need not worry about an incorrectly flipped measurement,
since it at worst it could cause a weight-one correction to
be wrongly applied.)
For an internal fault occurring after the first rZ measure-
ments, the first rZ outcomes will be trivial and therefore
different from the case of any input error.
This leaves as possibly problematic only internal faults
occurring among the first rZ measurements (after g1 and
before grZ ). Consider an internal fault that results in the
measured syndrome (s, t, s′), where s, s′ ∈ {0, 1}rZ−1 are
the first and second syndrome vectors for g1, . . . , grZ−1,
and t ∈ {0, 1} is the syndrome bit of grZ . Assume that
the fault occurs on qubit q, after the measurement of a
stabilizer gi that involves that qubit q; if it occurs before
every stabilizer involving that qubit q, then it is equivalent
to an input error. Since si = 0, which is incorrect for an
input error on qubit q, this means that the syndromes
(s, t) and (s′, t) will be inconsistent in the sense that they
correspond to different input errors; (s′, t) corresponds
to input error Xq, while (s, t) corresponds to some other,
inequivalent input error or no input error.1 Therefore
the syndrome (s, t, s′) is not consistent with any input
error.
Observe that the important property for this proof to
work is that both the first rZ stabilizers measured and
the last rZ stabilizers measured form independent sets of
generators. They need not both be {g1, . . . , grZ}.
C. Adaptive measurement sequence for any
distance-three CSS code
Theorem 2 constructs a nonadaptive error-correction
procedure, in which the same stabilizers are measured
no matter the outcomes. An adaptive syndrome-
measurement procedure can certainly be more efficient.
1 One-qubit errors Xi and Xj are inequivalent if they correspond
to different syndromes. They can be equivalent, even if i 6= j, if
the code is degenerate and XiXj is a stabilizer.
For example, if the first measured syndrome bits of
g1, . . . , grZ are all trivial, then one can end X error correc-
tion without making the remaining rZ − 1 measurements.
The following adaptiveX error correction procedure works
for any distance-three CSS code:
Adaptive X error-correction procedure
for a distance-three CSS code
1. Measure the rZ stabilizer generators, stopping after the
first nontrivial measurement outcome. If all syndrome
bits are trivial, then end error correction, having made
rZ measurements total.
2. If the measurement of gj is nontrivial, then measure
g1, g2, . . . , gj−1, gj+1, . . . , grZ . Apply the appropriate
correction based on these and the nontrivial outcome
for syndrome bit gj , having made j + rZ − 1 measure-
ments total.
The procedure uses between rZ and 2rZ − 1 measure-
ments, the worst case being if the first nontrivial measure-
ment is for g(j=rZ). It is advantageous to detect errors
early.
An alternative way to prove Theorem 2 is to notice
that the theorem’s nonadaptive measurement sequence in-
cludes as subsequences this adaptive procedure’s possible
measurement sequences.
The above procedures treat X and Z faults completely
independently, and can tolerate, e.g., one internal X fault
and one internal Z fault even on different qubits. If
instead we allow one internal fault total, X, Z or Y ,
within the entire error-correction procedure, then the
adaptive error-correction procedure can be shortened; see
Appendix A.
V. DISTANCE-THREE STABILIZER CODES
The arguments from Sec. IV generalize to all distance-
three stabilizer codes, with one important difference. We
begin with an example to show how fault-tolerant error
correction compares for CSS versus non-CSS codes. Then
we will generalize the measurement sequences of Secs. IV B
and IV C to arbitrary distance-three stabilizer codes.
A. [[5, 1, 3]] code
Consider the perfect [[5, 1, 3]] code [LMPZ96], encoding
one logical qubit into five physical qubits to distance
three. The stabilizer group is generated by XZZXI
and its cyclic permutations IXZZX,XIXZZ,ZXIXZ.
For a deterministic (nonadaptive) distance-three fault-
tolerant error-correction procedure, it suffices to measure
fault-tolerantly the six stabilizers in Fig. 8(a).
It matters which stabilizers are measured and in what
order. For example, consider if one only measured the
7X Z Z X I
Z Y Y Z I
I X Z Z X
X I X Z Z
Z Y Y Z I
X Z Z X I
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(a)
X1Y1Z1
0 1 1
1 1 0
0 0 0
0 1 1
1 1 0
0 1 1
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X2Y2Z2
1 1 0
1 0 1
0 1 1
0 0 0
1 0 1
1 1 0
<latexit sha1_base64="3QG /UZCWK+trBs4qM8cx 8ulblew=">AAAIg3 icbVXrbts2FJa7tfO 8W7P93B+lQowucQx JSbH+6LYM2aUBFjRD kzRNGAQUfawIkSiF opYYBB9gT7O/26PsL fYIO6Rlx5asGw6/8/ HceEhFRZqU0vf/7T z64MPHTz7qftz75NP PPv/i6dqXp2VeCQY nLE9zcRbREtKEw4lM ZApnhQCaRSm8i272 jf7dHyDKJOfHclLAZ UZjnowTRiVCV2udZ ySCOOEKbisLbepejV Ah6EQrtqfIQNdf3d voB4T0SMVHIIxTdXY VknXdX0Det5Bzi+C 8wHX75vVr2TdjlP0a n8n+Cs7i3I3+Wf8c 77P+gR2d99/jfV6PD mbamlmPVzDnVnoE+K hOeSo/FOTqqecPfX u5bSGoBe+H/xx7HV2 tPXlNRjmrMuCSpbQ sLwK/kJdoXiYsBXRQ lVBQdkNjUHYNtbuB 0Mgd5wJfLl2LLvFoV paTLEJmRuV12dQZc JXuopLjl5cq4UUlgb Opo3GVujJ3TUO4o0 QAk+nEpYxhvJg0xsG uqaBMYuP0lhzFghb XCbvHFBLO0moE6pYl glWJRIjDHcuzjGL1 iKQirgqtNhW5n6hXP mQDfL/fVNolVLh7yt 12tbv1arhbaxbh7d XwljVjVA22hXcQ1oN NNPkSJTIWmcq1Wcr 7Cfq8vcPeJQKaMep5 qJjpCMbkBqTrBYrg rjECEZTHds2MMhLUK lMLGrWh6fnMqd4Ll RkoL9Bk3cxRXqhrUl lF1sL6FU5er0EalV Ozc6cLZnkusqn2dKY 9nWp/AuwuAYe45m8 KEFTmArMRWh0LvaFI XmOcZmAgk+Fi+lHC 8yyhqb4ILxUWqqwEm P5BTzCWz+tjADsrTR EWyb32ApcQ1wtdu0 MWNUQk8bX8puGDFEK hn7GrjvSsAEVKGdg ieTuKZCW2Fpj6kIze QJTfX9itgmVPSjNU 3o42hdQz6rat5VJXF qXcxlAQtS7wxLHbR +3TCXAOWok40sofvh j4A18vcw6TETehz0 iGMnzRIB2lVbZspUU 5Bizk3IYhtSj7aY7 LukxqRkNFnvOGq7Bp 6A0DyhfshKu8HWOL gkjm6QcrHb6Vgt5FI MTkgbbC2C8gHqKaum uZ+hEPzKXkgmZyeV k2StRK7TDHo2cxf+u tQfoNsnmRgkHQjgQ 7RdC4KpcMte38iqfZ cnc0Qz4Qc0fDnYF9 WgUEmC38cHdgnwbl5 zjGpuezFjMZDf1Bq 8ZvabqY1tQS/nuC5p +mLZyGw2BnGP4een ub05+Q03W+dp45z53 A+dbZc147R86Jwzp /dv7q/N35p/u4u9UN u7tT6qNOPecrZ+nq fvc/zpXRhQ==</lat exit>
X3Y3Z3
1 1 0
1 0 1
1 1 0
0 1 1
1 0 1
1 1 0
<latexit sha1_bas e64="M7D81i57N7CapxVuN+C7F449sNI= ">AAAIg3icfVXdbts2FJbbtfO8nzbb5W6 UCjG6xDEkO0V70W0Zsp8GWNAMTdI0YRBQ 9LEiRKIUilpiEHyAPc1ut0fZW+wRdkjLj i0ZkyyD/M7H7/zwiArzJC6k7//TevDwo0 ePP25/0vn0s8+/ePJ07cuTIisFg2OWJZk 4DWkBSczhWMYygdNcAE3DBN6H13vG/v53 EEWc8SM5yeEipRGPxzGjEqHLtdYzEkIUcw U3pYU2dadCqBB0ohXbVaSnq3/d2egGhHR IyUcgjFN1ejkk67q7gHxoIGcWwXWB63bN 41dj38xruF+Ng//hbHRPu2d4n3b37eys+ wHvs2q2P7NWzGq+gjlX6RDgoyrl6fi+IJ dPPb/v28ttDoJq4H3/r2Ovw8u1x2/IKGN lClyyhBbFeeDn8gLlZcwSQAdlATll1zQC ZfdQuxsIjdxxJvDh0rXoEo+mRTFJQ2SmV F4VdZsBV9nOSzl+daFinpcSOJs6GpeJKz PXNIQ7igUwmUxcyhjGi0ljHOyKCsokNk5 nyVEkaH4VsztMIeYsKUegblgsWBlLhDjc sixNKVaPSCqiMtdqU5G7iXrtQ9rD57tNp V1Chbur3G1Xu1uv+zuVZRHeXg1vWRljqr EtPERY9zZR8hWOyFikKtNmK+8m6PPmFnu XCKjHqOehYqYjGJNrkK4XKIJvjRkQQXlk 98wYQ0GtMbGgMRuanq+c2r2BMhPlBZqsmz XKG+iKVJShVVi/xMXrFUjDYio7d7ogyzO RTq0nM+vJ1PojYHcJOMA9f5uDoDITmI3Q 6kjoDUWyCuM0BQOZDBfTD2OepTFN9PngQ mGhilKA6R/0BGP5vDoGsLOSBGER32kvcA lxvYFr35BFCxFxdCW/qfkguVDoZ+yqQz0 rQJ5QBrZI3lCRtMDWAlMfktJrCLO7c/uq YNnjwkyVN9SmkHpG3ba1XOrKvJDbGAqi1 gWeOPb1UXt0ApyDViIKtfL7L3p+z9fLnI N4xE3oM5Kh9F/USIdJmS6rNChHgIWcaxh Sg7KXZLity6R6NFRkGa+5GtSF3jKgfEFn sMrbEbYoiHiefrDS4Tsp6G0IQkzuaSvEf gZxH9XUXUPqBzwwl5IL6sllRVErUSO1gw yPnsX8rbca6VdI50UKekEzEuwUQaOyWBJ q6vyCp9lyd9RD3hdzR/1hz/4aBQSYbXx/ p2d/NcpPUYRNz2ctZjLq+71Gjd/RZDGtq RJ+e4L6l6Y5OBn0g2F/8NvA292cfoSctvO 188x57gTOS2fXeeMcOscOa/3R+rP1V+vv 9qP2VnvQ3plSH7SqNV85S1f72/8A9P/Ri g==</latexit>
X4Y4Z4
0 1 1
1 1 0
1 1 0
1 1 0
1 1 0
0 1 1
<latexit sha1_bas e64="nId0o519bNQUC7x/5/8JopQuYIM= ">AAAIg3icjVXdbts2FJbbtfO8nzbb5W6 UCjG6xDEkJ0V70W0Zsp8GWNAMTVI3YRBQ 9LEiRKIUilpiEHyAPc1ut0fZW+wRdkjLj i35YvrD4Xc+nj8eUmGexIX0/X9aDx5+9O jxx+1POp9+9vkXT56ufXlaZKVgcMKyJBP DkBaQxBxOZCwTGOYCaBom8D683jf697+D KOKMH8tJDhcpjXg8jhmVCF2utZ6REKKYK7 gpLbSpOxVChaATrdieIj1dfXVnoxsQ0iE lH4EwTtXwcpes6+4C8qGBnFkE5/mu2w3M i3JQyf7/lBfnbnSH3TO8h90DOzrrfsD7r BodzLQVsxqvYM6tdAjwUZXyVL4vyOVTz+ /79nKbQlAJ3vf/OvY6ulx7/IaMMlamwCV LaFGcB34uL9C8jFkC6KAsIKfsmkag7Bpq dwOhkTvOBL5cuhZd4tG0KCZpiMyUyquir jPgKt15KcevLlTM81ICZ1NH4zJxZeaahn BHsQAmk4lLGcN4MWmMg11RQZnExuksOYo Eza9idocpxJwl5QjUDYsFK2OJEIdblqUp xeoRSUVU5lptKnI3Ua99SHv4freptEuoc PeUu+1qd+t1f7fSLMLbq+Eta8aoamwL7y Cse5to8hVKZCxSlWmzlHcT9Hlzi71LBNR j1PNQMdMRjMk1SNcLFMFdYwQiKI/smhll KKhVJhY0akPT85lTvTdQZqC8QJN1M0d5A1 2RijK0FtYvcfJ6BdKwmJqdO10wyzORTrW nM+3pVPsjYHcJOMQ1f5uDoDITmI3Q6ljo DUWyCuM0BQOZDBfTD2OepTFN9PngQmGhi lKA6R/0BGP5vDoGsLOSBGER32kvcAlxvY Frd8iihog4upLf1HyQXCj0M3bVkZ4VIE8 oA1skb0eRtMDWAlMfktJrCLO7c7tVsOxx YYbK29GmkHpG3ba1XOrKvJDbGAqi1gWeO Hb7qH06Ac5BKxGFWvn9Fz2/5+tlzmE84i b0GclQ+i9qpKOkTJetNCjHgIWc2zCkBmU /yXBZl0n1aKjIMl5zNagbesuA8gU7g1Xe jrFFQcTz9IOVDt9JQW9DEGJyT1th7GcQ9 1FN3TVM/YAH5lJyQT25rChqJWqkdpjh0b OYv/VWI/0K6bxIQS9oRoKdImhUFkuGmnZ +wdNsuTvqIR+IuaP+Ts8+jQICzBa+v9uz T43yUxRh0/NZi5mM+n6vUeN3NFlMa2oJ/ z1B/U/TFE4H/WCnP/ht4O1tTn9CTtv52nn mPHcC56Wz57xxjpwTh7X+aP3Z+qv1d/tR e6s9aO9OqQ9a1ZyvnKWr/e1/DGbRjQ==< /latexit>
X5Y5Z5
0 0 0
0 0 0
0 1 1
1 1 0
0 0 0
0 0 0
<latexit sha1_bas e64="cpC+4kfjRnh5zLrzmEYg8QT/sdE= ">AAAIg3icbVXdbts2FJbbtfO8v6a73I1 SIUaXOIbkJFgvui1D9tMAC5qhSeomDAKK PlaESJRCUUsMgg+wp9nt9ih7iz3CDmnZs SVLpnH4nY/nj4dUmCdxIX3/39ajxx89ef px+5POp599/sWXz9aenxVZKRicsizJxDC kBSQxh1MZywSGuQCahgm8D28OjP79HyCK OOMncpLDZUojHo9jRiVCV2utFySEKOYKbk sLbepOhVAh6EQrtq9IT1f/urPRDQjpkJK PQBinani1R9Z1dwH50EDOLYLrfNft2rFC DsxAOajkVZyZvNEdds/xHXYP7ey8+wHf8 2p2ONNWzGq+gjm30iHAR1XKU/mhIFfPPL /v28dtCkEleD/859jn+Grt6RsyyliZApc soUVxEfi5vETzMmYJoIOygJyyGxqBsnuo 3Q2ERu44Ezi4dC26xKNpUUzSEJkplddFX WfAVbqLUo5fXaqY56UEzqaOxmXiysw1De GOYgFMJhOXMobxYtIYB7umgjKJjdNZchQ Jml/H7B5TiDlLyhGoWxYLVsYSIQ53LEtT itUjkoqozLXaVOR+ol77kPZwfL+ptEuoc PeVu+1qd+t1f7fSLMLbq+Eta8aoamwL7y Cse5to8hVKZCxSlWmzlfcT9Hl7h71LBNR j1PNQMdMRjMkNSNcLFMFTYwQiKI/snhll KKhVJhY0akPT85VTvTdQZqK8QJN1s0Z5A1 2RijK0FtavcPF6BdKwmJqdO10wyzORTrV nM+3ZVPsTYHcJOMI9f5uDoDITmI3Q6kTo DUWyCuM0BQOZDBfTD2OepTFN9MXgUmGhi lKA6R/0BGP5sroGsLOSBGER32svcAlxvY FrT8iihog4upbf1HyQXCj0M3bVsZ4VIE8 oA1skb0eRtMDWAlMfktIbCLP7C3tUsOxx YabK29GmkHpG3ba1XOrKvJDbGAqi1gXeO Pb4qAM6Ac5BKxGFWvn9vZ7f8/Uy5ygecR P6jGQo/b0a6Tgp02UrDcoJYCHnNgypQTl IMtzWZVI9GiqyjNdcDeqG3jKgfMHOYJW3 E2xREPE8/WClw3dS0LsQhJg80FYY+wXEQ 1RTdw1TP+KFuZRcUE8uK4paiRqpHWV49S zmb73VSL9BOi9S0AuakWCnCBqVxZKhpp1 f8TZb7o56yIdi7qi/07O/RgEBZhvf3+3Z X43ycxRh0/NZi5mM+n6vUeN3NFlMa2oJv z1B/UvTFM4G/WCnP/h94O1vTj9CTtv52nn hvHQC51tn33njHDunDmv92fqr9Xfrn/aT 9lZ70N6dUh+1qjVfOUtP+7v/Aec/0Yg=< /latexit>
(b)
FIG. 8. (a) Measurement sequence for fault-tolerant error
correction for the [[5, 1, 3]] code. (b) Error syndromes for the
15 weight-one input errors.
first five of the above six stabilizers. The syndromes
for X1 and X2 input errors would be 01001 and 11001,
respectively. However, if the input were perfect and an X2
fault occurred just after measuring the first syndrome bit,
this would also generate the syndrome 01001. Applying
an X1 correction would leave the weight-two error X1X2
on the data (X1X2Z4 is a logical operator). The problem
here is that the suffix 01001 of the X2 input syndrome
11001 matches the syndrome for an input error on a
different qubit. If no syndrome suffixes collide in this
way, then the error-correction procedure tolerates faults
happening between syndrome measurements.
For CSS codes for which X and Z error correction are
conducted separately, then it is sufficient to ensure that
the procedures tolerate faults between syndrome mea-
surements, i.e., that no suffix of an input error syndrome
collides with the syndrome for an input error on a differ-
ent qubit. For non-CSS codes, however, it is not sufficient
to consider faults between syndrome measurements. For
example, assume again that we only measure the first five
of the stabilizers in Fig. 8(a). While measuring the first
stabilizer, it is possible that a single fault introduces an
X1 error while simultaneously flipping the syndrome bit.
This is not equivalent to an X1 fault just before or just
after the measurement, because X1 commutes with the
stabilizer. (For example, in Fig. 6(b) to measure X⊗4, an
XZ fault on first CNOT coupling the data and cat state
would cause an X1 data error and flip the syndrome bit.)
This fault leads to the syndrome 11001, which is not a
suffix of 01001. It matches the syndrome for an input
X2 error, and applying an X2 correction would leave the
weight-two error X1X2.
The measurement sequence in Fig. 8(a) tolerates sin-
gle X,Y or Z faults, anywhere within the support of a
measured stabilizer, that also flip the syndrome bit.
B. Nonadaptive and adaptive measurement
sequences for any distance-three stabilizer code
The nonadaptive and adaptive measurement sequences
of Secs. IV B and IV C generalize to arbitrary distance-
three stabilizer codes, using two more measurements:
Theorem 3. Consider an [[n, n − R, 3]] stabilizer code
with R independent stabilizer generators g1, . . . , gR. Then
fault-tolerant error correction can be realized with 2R
stabilizer measurements: g1, . . . , gR, g1, . . . , gR.
With adaptive measurements, between R and 2R mea-
surements suffice: measure g1, g2, . . . and if a syndrome
bit is nontrivial, stop and measure g1, . . . , gR to determine
the correction.
Compared to the adaptive procedure for CSS codes in
Sec. IV C, if the measurement of gj is nontrivial, then
here we re-measure all of g1, . . . , gR, including gj again.
This is necessary, in general, because an internal fault
that triggers gj can give an error that either commutes
or anticommutes with gj .
VI. MIXING X AND Z ERROR CORRECTION
FOR HAMMING CODES
In this section, we show that, even for CSS codes,
mixing X and Z error correction can be more efficient
than running them separately.
The Hamming codes are a family of [[2r−1, 2r−1−2r, 3]]
quantum error-correcting codes, for r ≥ 3. They are self-
dual, perfect CSS codes. For example, the [[7, 1, 3]] and
[[15, 7, 3]] Hamming codes have stabilizer generators given
respectively by, in both Pauli Z and X bases,
0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1
and
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
(2)
We will show:
Proposition 4.
• For the [[7, 1, 3]] Steane code, measuring in order the
seven stabilizers from Eq. (3) below suffices for distance-
three fault-tolerant error correction. For the [[15, 7, 3]]
Hamming code, measuring the nine stabilizers of Eq. (6)
suffices.
• In general, for the 2r − 1 qubit Hamming code, there is
a sequence of 3r− 1 stabilizer measurements (beginning
with the 2r standard Z and X stabilizer generators, and
ending with certain r−1 Y basis stabilizers) that suffice
for distance-three fault-tolerant error correction. (See,
e.g., Eqs. (4) and (5) for the r = 3 and r = 4 cases,
respectively.)
• For the 2r − 1 qubit Hamming code, one can separately
correct X and Z errors fault tolerantly by measuring
2r− 1 Z and 2r− 1 X stabilizers, 4r− 2 stabilizer mea-
surements total. (This is a special case of Theorem 2.)
8Note that it is not fault tolerant just to measure the
r Z and r X stabilizer generators fault tolerantly. For
example, with either code, an X fault on qubit 3 just
before the last stabilizer measurement creates the same
syndrome as an input X error on qubit 1. But applying
an X1 correction would result in the error X1X3, which is
one away from the logical error X1X2X3. In fact, because
of the perfect CSS property, the 2r−1 possible weight-one
input errors use all 2r − 1 possible nontrivial r-stabilizer
syndromes. Necessarily, therefore, some faults during
syndrome extraction will lead to syndromes that are the
same as syndromes from input errors. Thus sequential
measurement of any fixed set of r stabilizer generators can
never be fault tolerant. More measurements are needed.
Consider first the [[7, 1, 3]] code. Measuring in order the
following seven stabilizers suffices for fault-tolerant error
correction:
I X X Z Z Y Y
X I X I X I X
I I I X X X X
I Z Z I I Z Z
Z I Z Z I Z I
I Y Y Y Y I I
Y I Y I Y I Y
(3)
As with the [[5, 1, 3]] code, the particular set of stabilizers
and the order in which they are measured matters con-
siderably. It is not immediately obvious that this order
works, but it can be verified by computing the syndromes
for all 7× 3 = 21 nontrivial one-qubit input errors as well
as the results of internal faults.
The first stabilizer in Eq. (3) mixes X, Y and Z oper-
ators. Should this be undesirable in an experiment, the
following sequence of eight measurements also allows for
fault-tolerant error correction:
I I I Z Z Z Z
I Z Z I I Z Z
Z I Z I Z I Z
I I I X X X X
I X X I I X X
X I X I X I X
I Y Y Y Y I I
Y I Y Y I Y I
(4)
Observe that the first six measurements are simply the
standard X and Z stabilizer generators from Eq. (2).
The last two Y stabilizers are measured to prevent bad
syndrome suffixes from internal faults.
The construction of Eq. (4) generalizes to the entire
family of Hamming codes. For the 2r − 1 qubit Hamming
code, first measure the r Z and r X standard stabilizer
generators. Then make r − 1 further Y measurements:
measure in the Y basis the first standard stabilizer gener-
ator times each of the generators 2 through r − 1. This
makes for r+ r+ (r− 1) = 3r− 1 stabilizer measurements
total. For example, for the r = 4, [[15, 7, 3]] Hamming
code, the 11-stabilizer sequence generalizing Eq. (4) is
I I I I I I I Z Z Z Z Z Z Z Z
I I I Z Z Z Z I I I I Z Z Z Z
I Z Z I I Z Z I I Z Z I I Z Z
Z I Z I Z I Z I Z I Z I Z I Z
I I I I I I I X X X X X X X X
I I I X X X X I I I I X X X X
I X X I I X X I I X X I I X X
X I X I X I X I X I X I X I X
I I I Y Y Y Y Y Y Y Y I I I I
I Y Y I I Y Y Y Y I I Y Y I I
Y I Y I Y I Y Y I Y I Y I Y I
(5)
If Y measurements are impossible in an experiment,
then by Theorem 2 2r − 1 Z and 2r − 1 X stabilizer
measurements suffice for fault-tolerant error correction.
Finally, the following nine measurements suffice for
fault-tolerant error correction for the [[15, 7, 3]] code:
I X X Z Z Y Y X X I I Y Y Z Z
Z I Z X Y X Y I Z I Z X Y X Y
I I I I I I I X X X X X X X X
Y I Y I Y I Y Y I Y I Y I Y I
I Y Y Y Y I I I I Y Y Y Y I I
I I I X X X X I I I I X X X X
I Z Z I I Z Z I I Z Z I I Z Z
I Z Z I I Z Z Z Z I I Z Z I I
Z I Z Z I Z I X Y X Y Y X Y X
(6)
This is analogous to Eq. (3) for the [[7, 1, 3]] code, in the
sense that it uses some weight-12 operators that mix X, Y
and Z. We do not know the least number of measurements
for the 2r − 1 qubit Hamming code, in general.
Open Problem 1. Find a minimum-length sequence of
Pauli measurements for distance-three fault-tolerant error
correction with the [[2r − 1, 2r − 1− 2r, 3]] Hamming code.
VII. SINGLE-SHOT ERROR CORRECTION
WITH A [[16, 4, 3]] COLOR CODE
In this section, we show a 16-qubit CSS code for which
single-shot fault-tolerant error correction is possible, i.e.,
in which the stabilizer generators are each measured ex-
actly once. However, the code has a lower rate than
the 15-qubit Hamming code, so the more efficient error
correction trades off against space efficiency.
Consider the 16-qubit color code in Fig. 9(a) [Rei18].
There is a qubit for each vertex, indexed as in the diagram,
and for each shaded plaquette there is both a Z stabilizer
and an X stabilizer on the incident qubits. For example
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(a)
1 1 1 1 1 1 · · · · · · · · · ·
· · · · · · · 1 1 · 1 1 · 1 1 ·
· · · 1 1 · 1 1 1 1 · · · · · ·
· 1 · 1 · · · 1 · · · · 1 1 · 1
· · · 1 · 1 1 · · · · 1 · · 1 1
· · 1 1 · · · · · 1 1 1 1 · · ·
(b)
1 1 1 1 1 1 · · · · · · · · · ·
1 · · 1 · · · · 1 · 1 · · 1 1 ·
· 1 · 1 · · · 1 · · · · 1 1 · 1
· · · 1 1 · 1 1 1 1 · · · · · ·
· · 1 1 · · · · · 1 1 1 1 · · ·
1 1 1 1 1 1 · · · · · · · · · ·
· · · 1 · 1 1 · · · · 1 · · 1 1
· · · 1 1 · 1 1 1 1 · · · · · ·
(c)
FIG. 9. (a) A [[16, 4, 3]] color code. (b) Sequence of stabilizer
measurements, in both Z and X bases, allowing for single-
shot fault-tolerant error correction (Proposition 5). Here we
have written · in place of 0 to draw attention to the structure.
The highlighted stabilizers correspond to plaquettes in (a).
(c) Sequence of stabilizer measurements, in both Z and X
bases, allowing for concatenation fault-tolerant error correction
(Proposition 6).
Z⊗6⊗1 and X⊗6⊗1 are stabilizers on the first six qubits,
corresponding to a green hexagon. This gives a [[16, 4, 3]]
self-dual CSS code.
Proposition 5. For this [[16, 4, 3]] code, the sequence of
stabilizer measurements in Fig. 9(b), in both Z and X
bases, allows for fault-tolerant error correction. The 12
weight-six stabilizers measured are independent and so
the sequence gives single-shot error correction with no
redundant stabilizer measurements.
The proposition can be rapidly verified by noting that
the columns in Fig. 9(b) are all distinct (so the code
has distance three), and furthermore their suffixes are all
distinct from these columns (so faults during syndrome
extraction cannot be confused with input errors). For
example, the syndrome along the second column is 100100,
and its suffix 000100 does not appear as any column.
Although this [[16, 4, 3]] code allows for single-shot fault-
tolerant error correction, it might still be preferable in
practice to use a code like the [[15, 7, 3]] Hamming code.
In addition to having higher rate, the 15-qubit Hamming
code allows for error correction with only 11 stabilizer
measurements, shown in Eq. (5), or 14 stabilizers if Y
operators cannot be measured.
Concatenation fault-tolerant error correction
Unlike for the perfect CSS and perfect codes consid-
ered through Sec. VI, for this color code, the syndrome
measurement sequence in Proposition 5 is not enough for
concatenation fault tolerance (see Sec. II). In particular,
the input error X1X2 leads to the syndrome 000100 if
there are no internal faults. For concatenation fault toler-
ance, some correction needs to be applied to restore the
state to the codespace. However, the same syndrome can
arise from a perfect input if the fourth syndrome bit is
incorrectly flipped, so fault tolerance requires that the
correction have weight at most one. No correction works.
Concatenation fault tolerance is possible with two more
stabilizer measurements:
Proposition 6. For the [[16, 4, 3]] color code of Fig. 9(a),
the sequence of stabilizer measurements in Fig. 9(c), in
both Z and X bases, allows for concatenation fault-tolerant
error correction.
The proposition is verified by using a computer to find
a consistent correction for every possible syndrome.
VIII. CODES DESIGNED FOR FAST ERROR
CORRECTION
We have so far designed efficient and fault-tolerant
syndrome-measurement schemes for existing codes. One
can also design codes to facilitate efficient fault-tolerant
syndrome measurement. To do so, let us begin by consid-
ering three simple codes; then we will generalize them.
A. Base codes
Here are the parity checks for a [4, 1, 4] classical linear
code (a repetition code), and the stabilizer generators for
[[8, 2, 3]] and [[8, 3, 3]] quantum stabilizer codes:
[4, 1, 4] code
1 1 1 1
0 0 1 1
0 1 0 1
(7)
10
[[8, 2, 3]] code
Z Z Z Z I I I I
X X X X I I I I
I I I I Z Z Z Z
I I I I X X X X
I X Y Z I X Y Z
I Z X Y I Z X Y
[[8, 3, 3]] code
Z Z Z Z Z Z Z Z
X X X X X X X X
I I Z Y X Z Y X
I Z X I X Y Z Y
I X I Z Z X Y Y
This [[8, 3, 3]] code is equivalent to the first in a family of
[[2p, 2p − p− 2, 3]] codes by Gottesman [Got96, Got97].
For the [4, 1, 4] repetition code, one can measure the
parity checks in order 1111, 0011, 0101. This already suf-
fices for fault-tolerant error correction, because an internal
fault cannot trigger the first parity check and therefore
cannot be confused with an input error. With adaptive
control, the last two checks need only be measured should
the first parity be odd. This observation is not immedi-
ately interesting because the code is classical. We will
generalize it to a family of quantum codes below.
For the [[8, 3, 3]] code, one can measure in order
Z⊗8, X⊗8, Z⊗8, and then the remaining three stabilizer
generators—six stabilizer measurements total—and this
will suffice for fault-tolerant error correction. Indeed,
with perfect stabilizer measurement the Z⊗8, X⊗8 mea-
surements suffice to identify the type X, Y or Z of any
one-qubit error, and the last three stabilizer generators
localize the error. For fault-tolerance, we measure Z⊗8
a second time in order to handle the case of an X or Y
fault occurring after the first Z⊗8 measurement. No other
syndrome suffixes can be problematic; a fault occurring
after the three transversal stabilizer measurements will
not trigger any of them and therefore cannot be confused
with an input error.
Furthermore, with this [[8, 3, 3]] code, should the exper-
imental hardware support adaptive measurements, one
can first measure just Z⊗8 and X⊗8, and then only if
one or both are nontrivial continue on to measure Z⊗8
and the last three stabilizer generators. The first two
measurements suffice to detect any one-qubit input error.
The [[8, 2, 3]] code above is similar to the [[8, 3, 3]]
code. For fault-tolerant error correction one can mea-
sure the stabilizers Z⊗4 ⊗ 1, X⊗4 ⊗ 1, Z⊗4 ⊗ 1, then
1⊗ Z⊗4,1⊗X⊗4,1⊗ Z⊗4, and then the last three sta-
bilizer generators. Stabilizers supported on the first four
qubits can potentially be measured in parallel to the
stabilizers on the last four qubits. With adaptive con-
trol, if the results of measuring Z⊗4 ⊗ 1, X⊗4 ⊗ 1 and
1⊗Z⊗4,1⊗X⊗4 are trivial, then further stabilizers need
not be measured.
B. Generalized codes
Next we generalize the above base codes in order to de-
velop families of distance-three quantum error-correcting
codes with fault-tolerant error-correction procedures that
are efficient, in the sense of requiring few stabilizer mea-
surements.
1. Generalizing the [4, 1, 4] classical repetition code
Let us start by extending the [4, 1, 4] classical repetition
code; the procedures for generalizing the other codes will
be quite similar.
Consider the following two parity-check matrices on 16
and 24 bits, respectively:
1 1 1 1 · · · · · · · · · · · ·· · · · 1 1 1 1 · · · · · · · ·· · · · · · · · 1 1 1 1 · · · ·· · · · · · · · · · · · 1 1 1 1· · 1 1 · · 1 1 · · 1 1 · · 1 1· 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1
1 1 1 1 · · · · · · · · · · · · · · · · · · · ·· · · · 1 1 1 1 · · · · · · · · · · · · · · · ·· · · · · · · · 1 1 1 1 · · · · · · · · · · · ·· · · · · · · · · · · · 1 1 1 1 · · · · · · · ·· · · · · · · · · · · · · · · · 1 1 1 1 · · · ·· · · · · · · · · · · · · · · · · · · · 1 1 1 1· · 1 1 · · 1 1 · · 1 1 · · 1 1 · · 1 1 · · 1 1· 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1
We have written · in place of 0 to draw attention to the
structure. The bits are divided into blocks of four, with
1111 parity checks, and the last two parity checks have
the same form, 0011 or 0101, on each block.
The above parity checks define self-orthogonal [16, 10, 4]
and [24, 16, 4] classical linear codes. By the CSS construc-
tion, using the same parity checks in both the Z and
X bases, they induce [[16, 4, 4]] and [[24, 8, 4]] self-dual
quantum stabilizer codes. These quantum codes can
also be constructed by concatenating two copies of the
[[2p, 2p− 2, 2]] code with the [[4, 2, 2]] code. The codes can
be extended by adding eight qubits at a time, two blocks
of four. For p ≥ 2, this defines [[8p, 4(p− 1), 4]] self-dual
CSS codes.
These codes are potentially of interest for a variety of
reasons, e.g., the [[16, 4, 4]] code isn’t too far off in terms
of rate from the perfect CSS [[15, 7, 3]] Hamming code, yet
it has higher distance.
For us they are of interest because they allow for
distance-three fault-tolerant error correction with single-
shot nonadaptive stabilizer measurements. As for the
[4, 1, 4] classical code described above, it suffices to mea-
sure the Z⊗4 and X⊗4 stabilizers on each block, and then
(if some block’s stabilizer measurements are nontrivial)
measure the last two parity checks in the Z and/or X
bases: (IIZZ)⊗p, (IZIZ)⊗p, (IIXX)⊗p, (IXIX)⊗p. No
redundant syndrome information needs to be measured
for distance-three fault-tolerant error correction. An X
fault, for example, occurring in a block after the ZZZZ
measurement necessarily leads to a syndrome different
from that caused by any weight-one X input error (which
always triggers some ZZZZ stabilizer).
Theorem 7. Each code in this family of [[8p, 4(p− 1), 4]]
self-dual CSS codes, for p ≥ 2, allows for single-shot
distance-three fault-tolerant error correction, and sub-
single-shot with adaptive measurements.
• Nonadaptive case: 4(p+ 1) measurements, depth p+ 4.
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• Adaptive case: 4p or 4p+ 2 measurements, depth p+ 2.
Observe that measurements on different blocks of four
qubits can be implemented in parallel. Thus while 4(p+1)
stabilizer measurements are needed (12 measurements
for the [[16, 4, 4]] code, most comparable to the [[15, 7, 3]]
Hamming code), these measurements can be implemented
in only six rounds.
Distance-three fault-tolerant error correction can han-
dle up to one input error or internal fault. Although
the codes have distance four, the above single-shot error-
correction procedure is not fault tolerant to distance four.
Distance-four fault tolerance requires that two faults caus-
ing an output error of weight at least two should be dis-
tinguishable from one or zero faults. For example, with
the [[16, 4, 4]] code, an input X2 error and an X6 fault
after the first round of Z stabilizer measurements gives
the same syndrome (100000) as an input X1 error. With
this correction applied, X1X2X6 is equivalent to a logi-
cal error times X5. For distance-four fault tolerance, it
suffices to append the parity checks
· 1 1 · · 1 1 · · 1 1 · · 1 1 ·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
This then takes ten rounds of stabilizer measurements.
2. Generalizing the [8, 4, 4] and [16, 11, 4] classical codes
The above procedure defined a family of quantum error-
correcting codes based on the classical [4, 1, 4] code. We
can similarly define families of quantum codes with blocks
of size 8, 16, or larger powers of two.
Start, for example, with 8- and 16-bit Reed-Muller
codes defined by the following parity checks:
[8, 4, 4] code
1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1
[16, 11, 4] code
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1· · · · · · · · 1 1 1 1 1 1 1 1· · · · 1 1 1 1 · · · · 1 1 1 1· · 1 1 · · 1 1 · · 1 1 · · 1 1· 1 · 1 · 1 · 1 · 1 · 1 · 1 · 1
The first, [8, 4, 4], code can be used to define a family of
[[8p, 6(p−1), 4]] self-dual CSS quantum codes, for p ≥ 2, by
putting a separate copy of the first parity check 11111111
on each block of eight qubits (in both Z and X bases),
while copying the other three parity checks across to be
the same on each block. For example, the [[16, 6, 4]] code’s
Z and X basis parity checks are each
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
(8)
(Note that these five parity checks are equivalent to those
of the above [16, 11, 4] code.)
The [16, 11, 4] code above can similarly be used to define
a family of [[16p, 14p− 8, 4]] self-dual CSS codes, for p ≥ 1,
by putting a 116 parity check on each block of 16 qubits,
while copying the other four parity checks across each
block.
Theorem 8. Each of these [[8p, 6(p − 1), 4]] and
[[16p, 14p−8, 4]] codes allows for single-shot distance-three
fault-tolerant error correction. By measuring disjoint
qubit blocks in parallel, eight measurement rounds suffice
for the [[8p, 6(p−1), 4]] codes, and ten measurement rounds
for the [[16p, 14p− 8, 4]] codes.
Compared to Theorem 7, these codes achieve a higher
encoding rate, trading off slower error correction.
Some particularly interesting codes in these families
are [[16, 6, 4]], [[24, 12, 8]] and [[32, 20, 4]]. They can be com-
pared to the [[15, 7, 3]] and [[31, 21, 3]] Hamming codes.
The rates are similar, but the new codes have a higher
distance and allow for faster fault-tolerant error correc-
tion (cf. Proposition 4). The stabilizers measured also
have the same weights as those of the closest Hamming
codes: weight-8 stabilizers for the [[16, 6, 4]] code, weights
8 or 12 stabilizers for the [[24, 12, 4]] code, and weight-16
stabilizers for the [[32, 20, 4]] code.
The [[15, 7, 3]] code can be obtained by puncturing the
[[16, 6, 4]] code. This raises the following question:
Open Problem 2. Let C be a linear code, and C ′ be
obtained by puncturing one coordinate of C. Given a
sequence of m parity-check measurements for fault-tolerant
error correction with C, is there a sequence of m+` parity-
check measurements for fault-tolerant error correction with
C ′, where ` is a constant independent of C?
Like Theorem 7, Theorem 8 is for distance-three fault
tolerance; the error-correction procedures tolerate up to
one fault either on the input or during error correction.
For these codes, single-shot stabilizer measurements do
not suffice for distance-four fault-tolerant error correction.
But once again, only two more measurement rounds, in
both Z and X bases, are needed to upgrade the protection;
appending the parity checks
· 1 1 · 1 · · 1 · 1 1 · 1 · · 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
to those of Eq. (8) gives distance-four fault-tolerant error
correction.
The single-shot sequences for distance-three fault toler-
ance obtained in Theorems 7 and 8 rely on two subfamilies
of Reed-Muller codes: the repetition codes and the ex-
tended Hamming codes. The structure of Reed-Muller
codes might help to design short fault-tolerant sequences
for higher distance.
Open Problem 3. Find a minimum-length sequence
of parity check measurements for distance-seven fault-
tolerant error correction with the family of distance-eight
Reed-Muller codes.
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This question naturally generalizes to the whole fam-
ily of Reed-Muller codes and to punctured Reed-Muller
codes, with potential applications to magic state distilla-
tion [BK05, BH12].
3. Generalizing the [[8, 2, 3]] and [[8, 3, 3]] codes
Similar to how we extended the [4, 1, 4], [8, 4, 4] and
[16, 11, 4] codes by adding on more blocks, the [[8, 2, 3]]
and [[8, 3, 3]] codes of Eq. (7) can be extended. By adding
either two blocks of four qubits to the former code, or
one block of eight qubits to the latter code, we obtain
16-qubit codes, with respective stabilizers:
[[16, 6, 3]] code
Z Z Z Z I I I I I I I I I I I I
X X X X I I I I I I I I I I I I
I I I I Z Z Z Z I I I I I I I I
I I I I X X X X I I I I I I I I
I I I I I I I I Z Z Z Z I I I I
I I I I I I I I X X X X I I I I
I I I I I I I I I I I I Z Z Z Z
I I I I I I I I I I I I X X X X
I X Y Z I X Y Z I X Y Z I X Y Z
I Z X Y I Z X Y I Z X Y I Z X Y
[[16, 9, 3]] code
Z Z Z Z Z Z Z Z I I I I I I I I
X X X X X X X X I I I I I I I I
I I I I I I I I Z Z Z Z Z Z Z Z
I I I I I I I I X X X X X X X X
I I Z Y X Z Y X I I Z Y X Z Y X
I Z X I X Y Z Y I Z X I X Y Z Y
I X I Z Z X Y Y I X I Z Z X Y Y
By adding more blocks, these procedures yield families of
[[8p, 4p−2, 3]] and [[8p, 6p−3, 3]] codes, respectively. While
the second code family has higher rate, its stabilizers also
have higher weight. This tradeoff can be continued by
applying the extension procedure to the other [[2p, 2p −
p− 2, 3]] codes defined by Gottesman [Got96].
These codes do not allow for single-shot fault-tolerant
error correction. However, they require only one round
of measuring redundant syndrome bits, in parallel. After
measuring the Z and X parity checks on each block
of four or eight qubits, one can measure the Z parity
checks a second time. Then finally measure the block-
crossing stabilizers. This procedure is fault tolerant for
essentially the same reason that it works for the [[8, 3, 3]]
code, described above. (Faults occurring after the block
stabilizer measurements will not trigger any of them, and
therefore cannot be confused with an input error.) We
conclude:
Theorem 9. For these [[8p, 4p− 2, 3]] and [[8p, 6p− 3, 3]]
codes, fault-tolerant error correction is possible with five
or six rounds, respectively, of stabilizer measurements.
IX. ERROR CORRECTION FOR
HIGHER-DISTANCE CODES
So far, our examples and general constructions have
been for distance-three and -four codes. In this section,
we will consider some distance-five and -seven CSS codes,
and present for them nonadaptive stabilizer measurement
sequences for fault-tolerant error correction.
A. [[17, 1, 5]] color code
Begin by considering the following [[17, 1, 5]] color code:
Fault-tolerant Z error correction can be accomplished
with nine rounds of fault-tolerantly measuring X
plaquette stabilizers, 20 stabilizer measurements total,
in the following order:
1 2 3 4 5
6 7 8 9
Here, we have highlighted the plaquette stabilizers that
should be measured in each round.
There could well be more-efficient syndrome measure-
ment sequences. We have verified the fault tolerance of
this one by a computer enumeration over all possible
combinations of up to two input errors or internal faults.
Topological codes like the color and surface codes have
the advantage that their natural stabilizer generators
are geometrically local for qubits embedded in a two-
dimensional surface [DKLP02, BMD06, FMMC12]. For
error correction, it may therefore be preferable to measure
a sequence of only these stabilizer generators, and not
measure any nontrivial linear combination of generators.
The above measurement sequence satisfies this property,
while our measurement sequence for the [[16, 4, 4]] color
code, in Sec. VII, does not.
Note that our notion of fault tolerance is different from
the circuit-level noise model of [DKLP02]. However, the
idea of measuring just a subset of the plaquettes at each
round is relevant to both settings. It could improve
the performance of topological codes, since syndrome
extraction is often the dominant noise source.
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B. [[d2, 1, d]] surface codes
For odd d ≥ 3, there are [[d2, 1, d]] surface codes [BK98,
TS14], illustrated below for d = 3 and d = 5:
Here the qubits are placed at the vertices. Red plaquettes
correspond to Z stabilizers on the involved qubits, and
blue plaquettes to X stabilizers. (The codes are CSS, but
not self dual.)
For the [[9, 1, 3]] code, six stabilizer measurements, ap-
plied in three rounds, suffice for fault-tolerant X error
correction:
A symmetrical sequence works for Z error correction.
For the [[25, 1, 5]] code, 30 Z measurements, applied in
five rounds, suffice for distance-five fault-tolerant X error
correction:
We leave the generalization of this scheme to the whole
family of surface codes as an open question.
Open Problem 4. For the [[d2, 1, d]] surface code, prove
that the natural d-round generalization of the above mea-
surement sequences is fault tolerant to distance d.
The standard method of surface code error correction
uses d rounds of (d− 1)2 measurements each. By gener-
alizing our sequence, one could potentially achieve fault-
tolerant error correction with half as many measurements.
However, each measurement in our model must be fully
fault tolerant, which requires more ancilla qubits than
the standard method. It might be interesting to compare
the two approaches numerically.
At least asymptotically, fewer measurements are re-
quired if products of plaquette stabilizers can be measured.
Indeed, there exist sequences of O(d log d) stabilizer mea-
surements for distance-d fault-tolerant error correction
for surface codes [DRS20].
Open Problem 5 (Sub-single-shot topological codes).
Construct explicit sequences of O(d log d) stabilizer mea-
surements for distance-d fault-tolerant error correction
for surface codes and color codes.
C. Cyclic codes: [[31, 11, 5]] BCH and
[[23, 1, 7]] Golay codes
The [[31, 11, 5]] BCH code is a self-dual CSS code whose
Z and X stabilizer groups are both generated by
1 0 0 0 0 0 0 0 0 0 1 1 0 1 0 1 0 1 1 1 1 0 0 1 0 0 1 0 1 0 0
and its cyclic permutations, 10 generators for each group.2
Distance-five fault-tolerant X error correction can be
done by measuring this stabilizer generator and its next 26
right cyclic permutations—27 measurements total. (This
is not optimal, however, as we have also found working
sequences of 26 measurements.)
The [[23, 1, 7]] Golay code is a self-dual CSS code whose
Z and X stabilizer groups are both generated by
1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 1 0 0 1 0
and its cyclic permutations, 11 generators for each group.
Measuring the syndrome bit of this stabilizer generator
and its next 29 right cyclic permutations—30 measure-
ments total—is sufficient for distance-seven fault-tolerant
X error correction. (For a [[21, 3, 5]] punctured Golay code,
we have also verified that 22 stabilizer measurements suf-
fice for distance-five fault-tolerant X error correction.)
Conceivably, the additional structure of cyclic codes
could allow for a general analysis that is more efficient
than Theorem 2. We leave this to further study.
Open Problem 6. Specializing to cyclic codes, find
minimum-length measurement sequences for distance-d
fault-tolerant error correction.
X. LOGICAL MEASUREMENT
We have considered adaptive and nonadaptive fault-
tolerant syndrome measurement sequences that allow for
fault-tolerant error correction. In a fault-tolerant quan-
tum computer, however, one also needs fault-tolerant
implementations of logical operations, the simplest being
logical measurement.
Fault-tolerant logical measurement is not so simple as
measuring a logical operator, or even doing so repeatedly.
For example, with the [[7, 1, 3]] Steane code, Z1Z2Z3 is a
logical Z operator, but if you use it to measure a codeword
2 This presentation can be recovered in Magma [BCP97] with com-
mands “C := BCHCode(GF(2), 31, 5); ParityCheckMatrix(C)”.
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. . 1 1 . . 1
1 1 1 . . . .
1 . . 1 1 . .
1 . . . . 1 1
. 1 . 1 . 1 .
(a)
. 1 . . 1 . 1
1 1 1 . . . .
1 . . 1 1 . .
1 . . . . 1 1
1 . 1 . 1 . 1
(b)
FIG. 10. A fault-tolerant logical measurement for the [[7, 1, 3]]
code can be implemented with either of these measurement
sequences. The first sequence measures five equivalent logical
operators, while the second measures four logical operators and
a code stabilizer. Both sequences also work for fault-tolerant
error correction.
with an X1 error, you will get the wrong answer every time.
Instead, different logical operators need to be measured to
implement a fault-tolerant logical Z measurement. Two
good measurement sequences are given in Fig. 10.
Definition 10. Consider a sequence P = (P1, . . . , Pk),
where each Pj is either a Z stabilizer or a Z operator equiv-
alent to logical Z. Let bj be 0 or 1 in the respective two
cases. Then measuring P allows for distance-three fault-
tolerant measurement of logical Z provided that no up to
two faults can lead to measurement outcomes (b1, . . . , bk).
With both sequences in Fig. 10, for example, measuring
only the first four operators is not sufficient for a fault-
tolerant logical Z measurement, because an input fault
on the first qubit and a syndrome fault on the first mea-
surement outcome would lead to outcomes 1111. Thus
logical 0 with one fault could not be distinguished from
logical 1 with one fault.
In this section, we will study measurement sequences
that allow for fault-tolerant logical measurements. We
will focus on the [[15, 7, 3]] and [[16, 6, 4]] codes introduced
earlier, because of their practical interest. The codes also
have a rich group of qubit permutation automorphisms
that simplifies a case-by-case consideration of the many
different logical operators. For example, with six encoded
qubits, the [[16, 6, 4]] code has 26 − 1 nontrivial logical Z
operators that we might wish to measure—but we will
see below that up to code-preserving qubit permutations
(which can be implemented by relabeling qubits) there
are only two equivalence classes of logical Z operators.
We will also study measurement sequences that allow
for fault-tolerant logical measurements combined with
fault-tolerant error correction. It turns out that one can
do both together faster than running logical measurement
and error correction in sequence. We will consider logical
measurements across multiple code blocks, e.g., measuring
Z1 ⊗ Z1 on two [[15, 7, 3]] code blocks. Finally, we will
consider combining multiple logical measurements, e.g.,
measuring Z1 and Z2 together faster than measuring
them separately in sequence.
A. Logical operators and permutation
automorphisms
Bases for the encoded qubits for the [[15, 7, 3]] and
[[16, 6, 4]] codes are given in Fig. 11. These bases are
only for reference, as the details are not important here.
The weight of a logical operator P is the least Hamming
weight of any stabilizer-equivalent operator. The weight
distributions of the two codes’ Z or X logical operators
are given in Fig. 12.
The permutation automorphism group of a code is the
set of qubit permutations that preserve the codespace.
The permutation automorphism group of the [[15, 7, 3]]
code has order 20,160, and is isomorphic to A8 and
GL4(Z2). It is generated by the three permutations3
(1, 2, 3)(4, 14, 10)(5, 12, 9)(6, 13, 11)(7, 15, 8)
(1, 10, 5, 2, 12)(3, 6, 4, 8, 9)(7, 14, 13, 11, 15)
(1, 10, 15, 3, 8, 13)(4, 6)(5, 12, 11)(7, 14, 9)
The permutation automorphism group of the [[16, 6, 4]]
has order 322,560, and is generated by the permutations
(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)
(1, 2, 4, 8, 16, 15, 13, 9)(3, 6, 12, 7, 14, 11, 5, 10)
(9, 10)(11, 12)(13, 14)(15, 16)
A subgroup of order 16 acts trivially, with no logical
effect (the first permutation above, e.g., has no logical
effect). Appendix B provides further details on these
automorphism groups and their relationship.
A large permutation automorphism group allows for
a rich set of logical operations to be applied by simply
permuting the physical qubits, or perhaps just by rela-
beling them [HR11, GR13]. That is not our concern here.
Instead, observe:
Claim 11. For both codes, any two logical operators with
the same weight are related by a qubit permutation in the
automorphism group.
(Logical operators with different weights of course cannot
be related by a permutation automorphism.)
Therefore, up to permutation automorphisms, there
are five equivalence classes of nontrivial logical operators
for the [[15, 7, 3]] code, and just two equivalence classes for
the [[16, 6, 4]] code. This greatly simplifies our problem of
specifying sequences for measuring logical operators fault
tolerantly. It is sufficient to find a sequence that works for
one logical operator in each weight equivalence class; then
for any logical operator of the same weight, a working
measurement sequence can be obtained by applying the
appropriate qubit permutation.
3 Magma commands to find the automorphism group are
“C := LinearCode〈GF(2),15| [0,0,0,0,0,0,0,1,1,1,1,1,1,1,1],
[0,0,0,1,1,1,1,0,0,0,0,1,1,1,1], [0,1,1,0,0,1,1,0,0,1,1,0,0,1,1],
[1,0,1,0,1,0,1,0,1,0,1,0,1,0,1]〉; AutomorphismGroup(C);”.
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Z1, X1 : 1 1 . 1 . . . 1 . . . . . . 1
Z2, X2 : 1 1 . . 1 . . . . 1 . 1 . . .
Z3, X3 : 1 1 . . . 1 . . . . 1 . . 1 .
Z4, X4 : 1 1 . . . . 1 . 1 . . . 1 . .
Z5, X5 : 1 . . 1 . 1 . . 1 1 . . . . .
Z6, X6 : 1 . . 1 . . 1 . . . . 1 . 1 .
Z7, X7 : 1 . . . . . . 1 . 1 . . 1 1 .
(a) [[15, 7, 3]] code
Z1, X2 : 1 1 1 1 . . . . . . . . . . . .
Z2, X1 : 1 . . . 1 . . . 1 . . . 1 . . .
Z3, X4 : 1 1 . . 1 1 . . . . . . . . . .
Z4, X3 : 1 . 1 . . . . . 1 . 1 . . . . .
Z5, X6 : 1 1 . . . . . . 1 1 . . . . . .
Z6, X5 : 1 . 1 . 1 . 1 . . . . . . . . .
(b) [[16, 6, 4]] code
FIG. 11. Possible bases for the logical qubits for the (a) [[15, 7, 3]] and (b) [[16, 6, 4]] codes. (To explain the notation, for example
in (b), Z1 = Z
⊗4 ⊗ I⊗12 and X2 = X⊗4 ⊗ I⊗12.) There are other bases that might be useful, for example for the [[15, 7, 3]] code
one can choose a basis with six weight-four operators that also work for the unpunctured 16-qubit code, and one weight-seven
operator. In the basis shown here, the operators have weight five and are self-dual, so transversal Hadamard implements logical
transversal Hadamard.
Weight # Operators
0 1
3 35
4 35
5 28
6 28
7 1
(a) [[15, 7, 3]] code
Weight # Operators
0 1
4 35
6 28
(b) [[16, 6, 4]] code
FIG. 12. Distributions of weights of the Z or X logical opera-
tors for the [[15, 7, 3]] and [[16, 6, 4]] codes.
B. [[15, 7, 3]] code: Measurement and
error correction
We have found that every logical operator can be fault-
tolerantly measured using at most six fault-tolerant mea-
surements. For weight-four and weight-five logical oper-
ators, three and five measurements suffice, respectively;
see Fig. 13(a).
Certainly, three measurements are needed for a fault-
tolerant logical measurement. With two or fewer mea-
surements, a single measurement fault would not be cor-
rectable. For measuring weight-four logical operators,
three measurements suffice, because every such operator
has three representatives with disjoint supports. For ex-
ample, these three logical operators are equivalent up to
stabilizers:
. . . . . . . . . . . 1 1 1 1
. . . . . . . 1 1 1 1 . . . .
. . . 1 1 1 1 . . . . . . . .
(9)
A single error on the input, or a single fault during the
measurements, can flip at most one of the three outcomes,
so the majority will still be correct.
The following sequence of measurements works for a
weight-three logical operator. Here the first three mea-
surements are of equivalent logical operators, and the
last three are of stabilizers. (It is also possible to use six
logical operator measurements, and in fact that can give
a lower total weight, 38 instead of 41.)
logical
operators
stabilizers
{
{
1 1 1 . . . . . . . . . . . .
1 . . 1 1 . . 1 1 . . . . 1 1
. 1 . 1 . 1 . 1 . 1 . . 1 . 1
1 . 1 . 1 . 1 . 1 . 1 . 1 . 1
. 1 1 1 1 . . 1 1 . . . . 1 1
. . . . . . . 1 1 1 1 1 1 1 1
Why are the last three measurements necessary? If we
only made the first three measurements, of equivalent
logical operators, then without any errors logical 0 would
result in measurement outcomes 000 and logical 1 in
outcomes 111. However, with a input error on the last
qubit, logical 0 would result in measurement outcomes
011, which cannot be distinguished from logical 1 with an
erroneous first measurement. With the last three stabilizer
measurements, ideally the measurement outcomes will be
either 000000, for logical 0, or 111000, for logical 1. One
can check that no one or two faults, either on the input
or during the measurements can flip 000000 to 111000,
and hence logical 0 and logical 1 will be distinguishable
even if there is up to one fault.
With the aid of a computer to verify fault tolerance,
measurement sequences for logical operators of weights
five, six or seven can be similarly found (Fig. 13(a)).
Given that one has to make multiple measurements
in order to measure a logical operator fault tolerantly, it
makes sense to use the extracted information not just for
determining the logical outcome, but also for correcting
errors. Can one combine measurement of a logical Z
operator with X error correction, faster than running
them sequentially? Yes.
As listed in Fig. 13(a), in fact for any logical operator
seven Z measurements suffice for logical measurement
and X error correction together. For a weight-five logical
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operator, just six Z measurements suffice:
. . . . 1 . . . 1 . . . 1 1 1
. . . . 1 . . 1 . 1 1 1 . . .
. . . 1 . 1 1 . 1 . . 1 . . .
. 1 1 1 . . . 1 . . . . 1 . .
1 . 1 . . . 1 . . . 1 . . 1 .
1 1 . . . 1 . . . 1 . . . . 1
This measurement sequence, of six equivalent weight-five
operators, satisfies that no up to two input or internal
faults can flip the ideal syndrome for logical 0, 06, to the
ideal syndrome for logical 1, 16. Therefore with at most
one fault, logical 0 can be distinguished from logical 1.
Then, the differences from the ideal syndromes can be
used to diagnose and safely correct input errors.
Recall from Proposition 4 that X error correction on its
own uses seven nonadaptive Z stabilizer measurements.
Thus by combining the Z measurement steps, 6 + 7 = 13
measurements suffice for a weight-five logical measurement
and full error correction, versus 5 + 7 + 7 = 19 steps for
running error correction separately.
This result would sound more impressive if we used a
weaker baseline. The most naive procedure would simply
fix a logical Z operator P , and repeat d = 3 times: fault-
tolerant quantum error correction and measure P . With
Shor’s 16-measurement sequence for X error correction,
this makes 3(16 + 1) = 51 measurements for logical Z
measurement and full error correction. Even using the
seven-measurement sequence from Proposition 4, we get
3(7 + 1) = 24. A little effort spent in optimizing logical
measurement is well worth it.
C. [[16, 6, 4]] code: Measurement and
error correction
From Fig. 12, there are two weight equivalence classes
of nontrivial logical operators, weight-four and weight-six
operators. Although the [[16, 6, 4]] code has distance four,
we will consider fault tolerance only to distance three, i.e.,
tolerating up to one input error or internal fault.
Any weight-four operator can be measured fault toler-
antly in three steps, just as in Eq. (9). (Adding an initial
qubit makes the operators in (9) valid logical operators
for the [[16, 6, 4]] code.)
For logical operators of weight four, six measurement
steps suffice for combined logical Z measurement and X
error correction:
logical
operators
stabilizers

{
1 1 1 1 . . . . . . . . . . . .
. . . . 1 1 1 1 . . . . . . . .
. . . . . . . . 1 1 1 1 . . . .
. . . . . . . . . . . . 1 1 1 1
. . 1 1 . . 1 1 . . 1 1 . . 1 1
. 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1
# Measurements for
# Measurements for logical measurement
Weight logical measurement and X error correction
3 6 7
4 3 7
5 5 6
6 6 7
7 6 7
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(a) [[15, 7, 3]] code
# Measurements for
# Measurements for logical measurement
Weight logical measurement and X error correction
4 3 6
6 6 6
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(b) [[16, 6, 4]] code, distance-three fault tolerance
# Measurements for
# Measurements for logical measurement
Weight logical measurement and X error correction
4 4 8
6 9 9
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(c) [[16, 6, 4]] code, distance-four fault tolerance
FIG. 13. For each weight, the tables give a number of mea-
surements sufficient for fault-tolerantly measuring a logical
operator of that weight. For example, Eq. (9) gives three
measurements that suffice to measure a weight-four logical
operator. The tables also give a length sufficient both for mea-
suring a Z logical operator and carrying out X error correction.
As distance-three X error correction on its own needs seven Z
measurements for the [[15, 7, 3]] code, and five measurements
for the [[16, 6, 4]] code—or seven measurements for distance-
four X error correction—there are substantial savings from
combining logical measurement with error correction. In the
illustrated measurement sequences, all filled squares represent
Z operators. Red rows correspond to logical operators and
black rows to stabilizers.
(Measuring the four disjoint, equivalent logical operators
suffices for fault-tolerant logical measurement. For error
correction, a logical operator measurement different from
the others identifies which block of four qubits an input
error occurred on, and the two stabilizer measurements
then fully localize the error.)
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For logical operators of weight six, too, six steps suffice:
logical
operators
stabilizers

{
1 1 . . . . . . . 1 1 . 1 . 1 .
. . 1 1 1 1 1 1 1 . . 1 . 1 . 1
. . . . . . 1 1 . 1 . 1 . 1 1 .
. . . . . . 1 1 1 . 1 . 1 . . 1
. . 1 1 . . 1 1 . . 1 1 . . 1 1
. 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1
Recall from Sec. VIII B 2 that five Z stabilizer mea-
surements suffice for distance-three fault-tolerant X error
correction. Combining a logical Z measurement with X
error correction thus costs only one more measurement.
See Fig. 13(b).
The above measurement sequences only give distance-
three protection. This allows for a fair comparison of
the [[16, 6, 4]] code with the [[15, 7, 3]] code and with the
other codes in Fig. 3. To take full advantage of the
[[16, 6, 4]] code’s greater distance, though, more measure-
ments are needed. The sequences given in Fig. 13(c) allow
for fault tolerance to distance four. Recall that seven mea-
surements suffice for distance-four fault-tolerant X error
correction alone. Thus, once again there are substantial
savings from combining a logical measurement with error
correction.
It would be interesting to study fault-tolerant logical
measurement for other codes, beyond the [[15, 7, 3]] and
[[16, 6, 4]] codes, as in Theorems 2 and 3. As in Sec. VI, one
could also explore the impact of restricted measurements.
Open Problem 7. For general distance-three stabilizer
codes, CSS or not, find measurement sequences for fault-
tolerant logical measurements.
D. Measuring logical operators across multiple
code blocks
From the above analyses, we can implement fault-
tolerant X error correction combined with measurement
of any logical Z operator, for the [[7, 1, 3]], [[15, 7, 3]] and
[[16, 6, 4]] codes. However, what if we want to mea-
sure a logical Z operator across multiple code blocks,
for example, Z1 ⊗ Z2 on two code blocks, or perhaps
Z1 ⊗ Z2 ⊗ (Z3Z4Z5Z6Z7) on three code blocks?
Distance-three fault tolerance for a multi-block logical
Z operator requires the same condition needed for a single-
block logical Z operator: no two faults should be able
to flip the all-zeros syndrome to the all-ones syndrome.
With this condition, logical 0 and 1 can be distinguished
even with up to one input error or internal fault, across
all the involved code blocks. In general, one has to search
to find working measurement sequences.
Fortunately, in many cases we can use the measurement
sequences found already. For measuring Za ⊗ Zb ⊗ · · · ,
if the individual logical operators Za, Zb, . . . are related
by a permutation automorphism, and therefore working
measurement sequences for Za, Zb, . . . differ only by a
qubit permutation, then these sequences can be combined
into a sequence for measuring Za⊗Zb⊗· · · . For example,
for the [[7, 1, 3]] code, place two copies of the measurement
sequence from Fig. 10(a) side-by-side, in order to obtain
a sequence of five equivalent Z ⊗ Z operators:
block 1 block 2 
. . 1 1 . . 1 . . 1 1 . . 1
1 1 1 . . . . 1 1 1 . . . .
1 . . 1 1 . . 1 . . 1 1 . .
1 . . . . 1 1 1 . . . . 1 1
. 1 . 1 . 1 . . 1 . 1 . 1 .
This is a fault-tolerant Z ⊗ Z measurement sequence.
Indeed, the syndrome errors that can be caused by a
single fault in block 1 (e.g., 01110 from an X1 input error)
are the same as those that a single fault in block 2 can
cause. The fault-tolerance condition for one block implies
that no two faults can flip syndrome 05 to 15.
We therefore obtain fault-tolerant sequences for mea-
suring Za ⊗ Zb ⊗ · · · , provided that each operator lies in
the same permutation equivalence class; for the [[15, 7, 3]]
and [[16, 6, 4]] codes, this means that they have the same
weight (Fig. 12).
If Za and Zb have different weights, then more work is
required to find a fault-tolerant measurement sequence
for Za ⊗ Zb, because single faults in a Za measurement
sequence have different syndrome effects than single faults
in a Zb measurement sequence. We leave this search as
an exercise.
Open Problem 8. Find measurement sequences for
fault-tolerantly measuring Za ⊗ Zb over two code blocks
of a CSS code.
E. Further problems for logical measurement
There are further logical measurement problems, with
practical utility depending on the application.
For example, one problem is to measure multiple log-
ical operators in parallel, possibly combined with error
correction. With the [[16, 6, 4]] code, e.g., say we want to
measure Z1 and Z3, from the basis of Fig. 11(b), fault
tolerant to distance three. As both operators have weight
four, we can measure them both separately in 3 + 3 = 6
steps, or we can measure them both separately, with one
logical measurement combined with error correction, in
3 + 6 = 9 steps. However, we can fault-tolerantly measure
them together, with error correction, in seven steps, as
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follows:
Z1
{
Z3
{
Z1Z3
{
stabilizers
{
1 1 1 1 . . . . . . . . . . . .
. . . . 1 1 1 1 . . . . . . . .
. . . . . . . . 1 1 . . 1 1 . .
. . . . . . . . . . 1 1 . . 1 1
. . 1 1 1 1 . . . . . . . . . .
. . 1 1 1 1 . . . . 1 1 1 1 . .
. 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1
Essentially, instead of using separate [3, 1, 3] classical
repetition codes, in the first five steps we are using the
[5, 2, 3] classical code that encodes syndrome (z1, z3) as
(z1, z1, z3, z3, z1 ⊕ z3).
In Sec. X D above we gave sequences for measuring
Za ⊗ Zb across two code blocks, in certain cases. What
about combining the logical measurement with error cor-
rection, on two code blocks? To consider this problem,
one has to choose a suitable definition for fault tolerance.
Should a two-block error-correction procedure tolerate
up to one input error or one internal fault total, across
both blocks? Or should it tolerate up to one input error
or one internal fault on each block, so up to two faults
total? Or should it tolerate up to one input error on each
block, and one internal fault total? All these choices are
possible, but tolerating more faults will generally require
longer measurement sequences.
We have given fault-tolerant implementations for all
X-type and Z-type logical measurements. The codes
considered allow transversal Hadamard. However, this
is not enough to implement the full Clifford group on
the encoded qubits. One could complete the Clifford
group by injecting single-qubit H gates and S gates, or
by designing fault-tolerant sequences for arbitrary logical
Pauli measurements.
One can extend the notion of single-shot measurement
sequences to logical measurements. A measurement se-
quence for an [[n, k]] stabilizer code that implements a
logical Pauli measurement combined with fault-tolerant
quantum error correction is said to be single-shot if it
contains at most n− k + 1 measurements.
Open Problem 9 (Single-shot code). For d ≥ 3, find a
stabilizer code equipped with a single-shot measurement
sequence for distance-d fault-tolerant quantum error cor-
rection, and with single-shot measurement sequences for
distance-d fault-tolerant logical Pauli measurement of each
of the 4k logical Pauli operators.
In the case of the [[16, 6, 4]] code, we have constructed
single-shot, distance-three fault-tolerant sequences for
error correction and for logical measurement for all X
and Z logical operators. We do not know if this can be
extended to the full logical Pauli group.
One could obtain even faster logical operations by op-
timizing measurement of sets of commuting logical oper-
ators. A measurement sequence for an [[n, k]] stabilizer
code that fault-tolerantly implements the simultaneous
measurement of m independent logical Pauli operators
combined with error correction is said to be single-shot
if it contains at most n− k +m measurements. A code
equipped with single-shot fault-tolerant measurement se-
quences for any set of up to m commuting logical Pauli
operators is called an m-fold single-shot code.
Open Problem 10 (k-fold single-shot code). For d ≥ 3
and k ≥ 2, find an [[n, k]] stabilizer code that is k-fold
single-shot code to distance d.
XI. CONCLUSION
We have obtained substantial speed-ups of fault-
tolerant quantum error correction, using carefully de-
signed syndrome-measurement sequences and codes opti-
mized for single-shot error correction.
We have constructed short Shor-style measurement se-
quences for fault-tolerant quantum error correction with
small-distance codes adapted to different hardware ca-
pabilities, including available measurement types and
adaptive or nonadaptive measurements. Our results con-
tribute to make small block codes more competitive with
topological codes. Faster error correction means fewer
potential fault locations, which generally results in better
performance. It also reduces the quantum computer’s log-
ical cycle time. We have focused on small-distance codes,
which may be the most practical, but there is much po-
tential for innovation in fault-tolerant error correction for
higher-distance codes.
We have designed families of single-shot quantum error
correction schemes, and given very fast implementations
of fault-tolerant logical X and Z measurements. These
logical measurements can sometimes be performed inte-
grated with error correction, using fewer measurements
than an error correction cycle alone. It is likely that
this approach can generalize to arbitrary logical Pauli
measurements, which by frame tracking would allow im-
plementing the entire logical Clifford group. Universality
could then be achieved using magic state distillation and
injection [BK05, BH12]. In Appendix C, we design opti-
mized measurement sequences that could be relevant for
universality.
Acknowledgements. The authors would like to
thank Prithviraj Prabhu, Michael Beverland, Jeongwan
Haah, Adam Paetznick, Vadym Kliuchnikov, Marcus Silva
and Krysta Svore for insightful discussions.
19
Appendix A: Adaptive error correction
measurement sequence for any self-dual,
distance-three CSS code
In Sec. IV C we gave an adaptive error-correction mea-
surement sequence that, for a distance-three CSS code
with R stabilizer generators, uses between R and 2R− 2
measurements. (See also Fig. 4.) Here we present an
adaptive error-correction sequence for self-dual, distance-
three CSS codes, that uses fewer measurements in the
worst case.
Claim 12. Consider an [[n, n−R, 3]] self-dual CSS code.
Then fault-tolerant error correction can be realized with
an adaptive stabilizer-measurement sequence that makes
between R and 32R all-X or all-Z measurements.
Proof. Measure each of the theR/2 Z stabilizer generators
and then each of the R/2 X stabilizer generators, stopping
at the first nontrivial measurement outcome.
Case 1: If all syndrome bits are trivial, then stop, having
made R measurements total.
Case 2: If the first nontrivial syndrome bit is among
the Z measurements, then measure all R generators and
apply the corresponding one-qubit correction, if any. The
total number of measurements is between R+ 1 and 32R.
This is fault tolerant because with at most one input or
internal fault, the last R syndrome bits will be correct.
Case 3: If the first nontrivial syndrome bit is among the
X stabilizer measurements, then repeat that measure-
ment. If the result is trivial, then there must have been
an internal fault, and no correction is required. If the
result is nontrivial again, then either there is an input Z
error or an internal Z or Y fault within the support of
the stabilizer. It is enough to measure the other R/2− 1
X generators and apply the corresponding one-qubit Z
correction, if any. This will correct for either an input Z
error or an internal Z fault, and will convert an internal
Y fault to an X error on the same qubit. The total
number of measurements is between R+ 1 and 32R.
Appendix B: Automorphism group of
Hamming codes
Denote Q16 the [[16, 6, 4]] code and let Q15 be the
[[15, 7, 3]] Hamming code. In this section, we establish
a relation between the automorphism groups of these
codes, and we prove that |Aut(Q16)| = 16 · |Aut(Q15)|.
For ` = 15, 16, denote by C` the classical self-orthogonal
code whose codewords correspond to the stabilizers of the
code Q`. The automorphism group of Q` is the set of
permutations of the ` qubits that preserve the code C`.
The automorphism group of Q16 acts on the set
{0, . . . , 15} of qubits and this action is transitive. As
a consequence, Lagrange’s theorem implies
|Aut(Q16)0| = |Aut(Q16)|/16
where Aut(Q16)0 denotes the set of automorphisms σ of
Q16 that satisfy σ(0) = 0.
Let us now establish an isomorphism between
Aut(Q16)0 and Aut(Q15). Consider the transformation
pi that maps σ ∈ Aut(Q16)0 onto its restriction σ¯ to the
set {1, . . . , 15}. Clearly, σ¯ is a well defined bijection of
the set {1, . . . , 15}. Moreover, since the code C15 can
be obtained from C16 by puncturing the coordinate 0, σ¯
preserves the code C15. This proves that σ¯ belongs to
Aut(Q15). In other words, we defined a map
pi : Aut(Q16)0 −→ Aut(Q15)
σ 7−→ σ¯
It is clearly an injective map.
To prove that pi is surjective, consider σ¯ ∈ Aut(Q15).
Define its extension σ of σ¯ which acts on {0, 1, . . . , 15}
with fixed-point 0. Let us prove that σ is an automorphism
of Q16. The code space C16 can be partionned into three
sets
C16 = (1, . . . , 1) unionsq 0⊕ Ceven15 unionsq 1⊕ Codd15
and we the transformation σ preserves each of these three
sets. Indeed, σ maps the vector (1, . . . , 1) onto itself.
Moreover, by definition the component σ¯ preserves C15
and like any permutation it also preserves the weight.
Therefore, it leaves Ceven15 and its complement C
odd
15 invari-
ant. This proves that σ is an automorphism of C16 whose
image under pi is σ¯. The map pi : Aut(Q16)0 → Aut(Q15)
is a group isomorphism.
Overall, we have proved the isomorphism
Aut(Q15) ' Aut(Q16)0
and as a result the cardinality of this group is
|Aut(Q15)| = |Aut(Q16)|/16.
The same argument applies for any pair of codes ob-
tained by puncturing the extended Hamming code. Using
standard properties of these codes, the proof takes only
a few lines. Consider an extended Hamming code with
parameters [2m, 2m − m, 4]. Puncturing a coordinates
leads to the Hamming code [2m − 1, 2m −m− 1, 3]. The
automorphism group of theses two codes are known to be
respectively the affine group AGLm(Z2) and the general
linear group GLm(Z2) acting on Zm2 . The automorphism
group of Hamming code is therefore a normal subgroup of
the automorphism group of the extended Hamming and
its index is 2m. The previous case corresponds to m = 4.
Appendix C: [[15, 7, 3]] code: Measuring all
even-weight logical Z operators, for universality
In order to achieve fault-tolerant universal computation
with the [[15, 7, 3]] code, it can be useful to measure all the
20
even-weight logical Z operators, which make up six of the
seven encoded qubits. They have weight-four generators.
With these six qubits initialized to encoded |0〉, the gate(
1 0
0 eipi/4
)
can be applied tranversally to act on the last
encoded qubit [PR13, CTV17].
Steane’s method to measure six encoded qubits is to
apply transversal CNOT gates into, then measure, an
encoded |06+〉 state. Instead, measuring one operator at
a time, a` la Shor, from Fig. 13(a) 6 · 3 = 18 measurements
suffice, or 22 measurements with X error correction.
By measuring the logical operators together instead of
sequentially, one can do better. We have verified that the
following sequence of 14 measurements suffices to measure
all even-weight logical Z operators, with error correction:
Each Z operator on the left is a combination, specified on
the right, of the seven logical operators of Fig. 11(a). This
is similar to, if slightly more complicated than, the se-
quence for measuring two logical Z operators in Sec. X E.
Appendix D: Other measurement models
In this paper, we have studied in detail fault-tolerant
error correction by sequentially, and either nonadaptively
or adaptively, measuring stabilizers fault tolerantly using
cat states, Shor-style. Of course, this is not the only
technique for fault-tolerant error correction. For example,
Knill-style error correction works essentially by teleporting
an encoded state through an encoded Bell state [Kni05].
Steane-style error correction, for CSS codes, uses transver-
sal CNOT gates to/from encoded |+〉/|0〉 states [Ste97].
The advantage of these methods is that they extract mul-
tiple syndrome bits in parallel; but the disadvantage is
that the required encoded ancilla states are more difficult
to prepare fault tolerantly than cat states, and need more
qubits.
However, there is room for variation even staying closer
to the Shor-style error-correction framework, using cat
states to measure single syndrome bits. We consider four
variants: syndrome bit extraction with flags to catch
internal faults, partial parallel and parallel syndrome ex-
traction, and nonadaptive flagged fault-tolerant syndrome
bit extraction. We demonstrate each technique on the
[[7, 1, 3]] code.
1. Syndrome bit extraction with flagged qubits
Recall from Eq. (1) that for the [[7, 1, 3]] Steane code,
fault-tolerant X error correction can be accomplished by
1
2
3
4
5
6
7
±Z
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<latexit sha1_base64="r8VwZrJbFyGE 0VtZcosYXq8b9CU=">AAAHfHicbVXbbtw2EFXS1pu6lzjNY/IgVzWQ2ruCtM7tIQhc uJcUqBEXsZ0ApmFQ3FmZsETJJFXvguBLv6av7d/0Z4oOtZespBUkgJo5OmfmaEQlZc aVjqJ/79z95NPPNnr3Pt/84suvvr6/9eCbM1VUksEpK7JCfkiogowLONVcZ/ChlEDz JIP3yfWhy7//A6TihTjR0xIucpoKPuaMagxdbj0mNYdJMsqu7SbRMNEGL0mZtpdbQR RG9eF3F/F8EXjz4/jywcYbMipYlYPQLKNKncdRqS8MlZqzDJC/UlCiEk3B1MLW38HQ yB8XEi+h/TrawNFcqWmeIDKn+kq1cy64Lnde6fHLC8NFWWkQbCY0rjJfF75zwh9xCU xnU58yhvVWVGMd7Iq61tGxzYZQKml5xdkEW+CCZdUIzA3jklVcY0jALSvynIqRIZrK tCqt2TVkMjWvIsj7eL3eNdYnVPoHxh/41t97FT6dZ1bDg/XhvZrGpVroOryPYdvfRcq XuCJjmZvCEhCjyRQ1b27t5g6R0K7RLkvFTkcwJteg/SA2BMfFLYikIq3fmUsmktbJr A66tIPZ5ZOzfDA07sYEsSXb7hkTDO0cpKqkZti+xIe350GaqBntUnSFVhQyn2XPFtm zWfZHwOmScITv/G0JkmqcYKKlNSfS7hhSzGOC5uBCrsPV9hMuipzTzJ4PLwwapSoJb n5QCcb6CUkg5cLgZGUZhiWf2CD2CfGDoe9sbWSI5OmV/r6lQUppUGfsm2O7MKDETwx qk4J9Q3KFowXOH5LTa0iKyXn9qaDtXLlbE+xbZ6RdQAe1l42pLJUeYCkYrSVwD5h9z Yd0CkKANTJNrInCZ/2oH9km5oiPhCt9AXKQ8FkLdJxVeZOlAzkBNHLJ4UAdyGFW4Gt tgtrVUFkUoiU1bBO9ZUDFCs9wndoJjihIvmw/Xiv4Dre42wSknH6ErSH7GeTHqmZyHa ofbiraaC5uN1co1bKo09pRgVvPav+1Wgv0G+RLk+J+3K0EJ0XStFINoi7PL7ibNaej XfKvcikU7vfrs2MgwOLFh0/79dmC/JSmOPRiMWKuozDqdzx+R7PVtmZM+O+J23+a7u JsGMZRGP8eBQe787/QPe+R9633xIu9F96B98Y79k495v3p/eX97f2z8V/vu95ebzCD 3r0zf+ah1zh6z/8HxMeJ4w==</latexit><latexit sha1_base64="r8VwZrJbFyGE 0VtZcosYXq8b9CU=">AAAHfHicbVXbbtw2EFXS1pu6lzjNY/IgVzWQ2ruCtM7tIQhc uJcUqBEXsZ0ApmFQ3FmZsETJJFXvguBLv6av7d/0Z4oOtZespBUkgJo5OmfmaEQlZc aVjqJ/79z95NPPNnr3Pt/84suvvr6/9eCbM1VUksEpK7JCfkiogowLONVcZ/ChlEDz JIP3yfWhy7//A6TihTjR0xIucpoKPuaMagxdbj0mNYdJMsqu7SbRMNEGL0mZtpdbQR RG9eF3F/F8EXjz4/jywcYbMipYlYPQLKNKncdRqS8MlZqzDJC/UlCiEk3B1MLW38HQ yB8XEi+h/TrawNFcqWmeIDKn+kq1cy64Lnde6fHLC8NFWWkQbCY0rjJfF75zwh9xCU xnU58yhvVWVGMd7Iq61tGxzYZQKml5xdkEW+CCZdUIzA3jklVcY0jALSvynIqRIZrK tCqt2TVkMjWvIsj7eL3eNdYnVPoHxh/41t97FT6dZ1bDg/XhvZrGpVroOryPYdvfRcq XuCJjmZvCEhCjyRQ1b27t5g6R0K7RLkvFTkcwJteg/SA2BMfFLYikIq3fmUsmktbJr A66tIPZ5ZOzfDA07sYEsSXb7hkTDO0cpKqkZti+xIe350GaqBntUnSFVhQyn2XPFtm zWfZHwOmScITv/G0JkmqcYKKlNSfS7hhSzGOC5uBCrsPV9hMuipzTzJ4PLwwapSoJb n5QCcb6CUkg5cLgZGUZhiWf2CD2CfGDoe9sbWSI5OmV/r6lQUppUGfsm2O7MKDETwx qk4J9Q3KFowXOH5LTa0iKyXn9qaDtXLlbE+xbZ6RdQAe1l42pLJUeYCkYrSVwD5h9z Yd0CkKANTJNrInCZ/2oH9km5oiPhCt9AXKQ8FkLdJxVeZOlAzkBNHLJ4UAdyGFW4Gt tgtrVUFkUoiU1bBO9ZUDFCs9wndoJjihIvmw/Xiv4Dre42wSknH6ErSH7GeTHqmZyHa ofbiraaC5uN1co1bKo09pRgVvPav+1Wgv0G+RLk+J+3K0EJ0XStFINoi7PL7ibNaej XfKvcikU7vfrs2MgwOLFh0/79dmC/JSmOPRiMWKuozDqdzx+R7PVtmZM+O+J23+a7u JsGMZRGP8eBQe787/QPe+R9633xIu9F96B98Y79k495v3p/eX97f2z8V/vu95ebzCD 3r0zf+ah1zh6z/8HxMeJ4w==</latexit><latexit sha1_base64="r8VwZrJbFyGE 0VtZcosYXq8b9CU=">AAAHfHicbVXbbtw2EFXS1pu6lzjNY/IgVzWQ2ruCtM7tIQhc uJcUqBEXsZ0ApmFQ3FmZsETJJFXvguBLv6av7d/0Z4oOtZespBUkgJo5OmfmaEQlZc aVjqJ/79z95NPPNnr3Pt/84suvvr6/9eCbM1VUksEpK7JCfkiogowLONVcZ/ChlEDz JIP3yfWhy7//A6TihTjR0xIucpoKPuaMagxdbj0mNYdJMsqu7SbRMNEGL0mZtpdbQR RG9eF3F/F8EXjz4/jywcYbMipYlYPQLKNKncdRqS8MlZqzDJC/UlCiEk3B1MLW38HQ yB8XEi+h/TrawNFcqWmeIDKn+kq1cy64Lnde6fHLC8NFWWkQbCY0rjJfF75zwh9xCU xnU58yhvVWVGMd7Iq61tGxzYZQKml5xdkEW+CCZdUIzA3jklVcY0jALSvynIqRIZrK tCqt2TVkMjWvIsj7eL3eNdYnVPoHxh/41t97FT6dZ1bDg/XhvZrGpVroOryPYdvfRcq XuCJjmZvCEhCjyRQ1b27t5g6R0K7RLkvFTkcwJteg/SA2BMfFLYikIq3fmUsmktbJr A66tIPZ5ZOzfDA07sYEsSXb7hkTDO0cpKqkZti+xIe350GaqBntUnSFVhQyn2XPFtm zWfZHwOmScITv/G0JkmqcYKKlNSfS7hhSzGOC5uBCrsPV9hMuipzTzJ4PLwwapSoJb n5QCcb6CUkg5cLgZGUZhiWf2CD2CfGDoe9sbWSI5OmV/r6lQUppUGfsm2O7MKDETwx qk4J9Q3KFowXOH5LTa0iKyXn9qaDtXLlbE+xbZ6RdQAe1l42pLJUeYCkYrSVwD5h9z Yd0CkKANTJNrInCZ/2oH9km5oiPhCt9AXKQ8FkLdJxVeZOlAzkBNHLJ4UAdyGFW4Gt tgtrVUFkUoiU1bBO9ZUDFCs9wndoJjihIvmw/Xiv4Dre42wSknH6ErSH7GeTHqmZyHa ofbiraaC5uN1co1bKo09pRgVvPav+1Wgv0G+RLk+J+3K0EJ0XStFINoi7PL7ibNaej XfKvcikU7vfrs2MgwOLFh0/79dmC/JSmOPRiMWKuozDqdzx+R7PVtmZM+O+J23+a7u JsGMZRGP8eBQe787/QPe+R9633xIu9F96B98Y79k495v3p/eX97f2z8V/vu95ebzCD 3r0zf+ah1zh6z/8HxMeJ4w==</latexit><latexit sha1_base64="r8VwZrJbFyGE 0VtZcosYXq8b9CU=">AAAHfHicbVXbbtw2EFXS1pu6lzjNY/IgVzWQ2ruCtM7tIQhc uJcUqBEXsZ0ApmFQ3FmZsETJJFXvguBLv6av7d/0Z4oOtZespBUkgJo5OmfmaEQlZc aVjqJ/79z95NPPNnr3Pt/84suvvr6/9eCbM1VUksEpK7JCfkiogowLONVcZ/ChlEDz JIP3yfWhy7//A6TihTjR0xIucpoKPuaMagxdbj0mNYdJMsqu7SbRMNEGL0mZtpdbQR RG9eF3F/F8EXjz4/jywcYbMipYlYPQLKNKncdRqS8MlZqzDJC/UlCiEk3B1MLW38HQ yB8XEi+h/TrawNFcqWmeIDKn+kq1cy64Lnde6fHLC8NFWWkQbCY0rjJfF75zwh9xCU xnU58yhvVWVGMd7Iq61tGxzYZQKml5xdkEW+CCZdUIzA3jklVcY0jALSvynIqRIZrK tCqt2TVkMjWvIsj7eL3eNdYnVPoHxh/41t97FT6dZ1bDg/XhvZrGpVroOryPYdvfRcq XuCJjmZvCEhCjyRQ1b27t5g6R0K7RLkvFTkcwJteg/SA2BMfFLYikIq3fmUsmktbJr A66tIPZ5ZOzfDA07sYEsSXb7hkTDO0cpKqkZti+xIe350GaqBntUnSFVhQyn2XPFtm zWfZHwOmScITv/G0JkmqcYKKlNSfS7hhSzGOC5uBCrsPV9hMuipzTzJ4PLwwapSoJb n5QCcb6CUkg5cLgZGUZhiWf2CD2CfGDoe9sbWSI5OmV/r6lQUppUGfsm2O7MKDETwx qk4J9Q3KFowXOH5LTa0iKyXn9qaDtXLlbE+xbZ6RdQAe1l42pLJUeYCkYrSVwD5h9z Yd0CkKANTJNrInCZ/2oH9km5oiPhCt9AXKQ8FkLdJxVeZOlAzkBNHLJ4UAdyGFW4Gt tgtrVUFkUoiU1bBO9ZUDFCs9wndoJjihIvmw/Xiv4Dre42wSknH6ErSH7GeTHqmZyHa ofbiraaC5uN1co1bKo09pRgVvPav+1Wgv0G+RLk+J+3K0EJ0XStFINoi7PL7ibNaej XfKvcikU7vfrs2MgwOLFh0/79dmC/JSmOPRiMWKuozDqdzx+R7PVtmZM+O+J23+a7u JsGMZRGP8eBQe787/QPe+R9633xIu9F96B98Y79k495v3p/eX97f2z8V/vu95ebzCD 3r0zf+ah1zh6z/8HxMeJ4w==</latexit>
syndromes 2, 3
<latexit sha1_base64="XdSQ+hQNdNll Hu5hzAAcaZcMrzQ=">AAAHg3icbVXbbtw2EFXSJpu6lyTNY1/oCgZSe72Qdh0kD2nh wr2kQI24iO0EMA2D4s7KhCVKJql6FwQ/oF/T1/ZT+jcdai9ZSStIADVzeM7M0UhKyk xoE0X/3bv/yacPHvYefbb1+RdffvX4ydOvz3VRKQ5nvMgK9SFhGjIh4cwIk8GHUgHL kwzeJzdHPv/+T1BaFPLUzEq4zFkqxURwZjB09SSkNYdNMsZv3BY1MDVWz+RYFTloMu yTkUNUNIjqg3QX8WIRBovj5Orpwzd0XPAqB2l4xrS+iKPSXFqmjOAZoEyloURBloKt 9R3ZwdCYTAqFlzSkjjZwLNd6lieIzJm51u2cD27KXVRm8urSCllWBiSfC02qjJiCeE PIWCjgJpsRxjnWWzGDdfBrphg3aNxWQyhVrLwWfIotCMmzagz2lgvFK2EwJOGOF3nO 5NhSw1Ralc7uWjqd2dcR5H28fti1jlCmyKEl+8SRvdeDg0VmPby/ObxX0/hUC12HRxh 2/V2kfIUrOlG5LRwFOZ7OUPP2zm3tUAXtGt2qVOx0DBN6A4aEsaU4NX5BFZNp/cx8M lGsTmZ10Kc9zK12zvPh0PobG8aObvs9Nhy6BUhXSc2wfYWbtxdBlug57Up0jVYWKp9 nz5fZ83n2J8DpUnCMz/xtCYoZHGRqlLOnyu1YWixikuXgQ77D9fYTIYtcsMxdDC8tG qUrBX5+UAkm5jlNIBXS4mRlGYaVmLowJpSScEi8rY0MVSK9Nt+1NGipLOpMiD1xSwN KfNOgNikcWZprHC3w/tCc3UBSTC/qVwVtF9rf2nDkvJFuCd2vvWxMZanNPpaC0VoCP wXzl/qIzUBKcFalibPR4EU/6keuiTkWY+lLX4I8ZPCiBTrJqrzJ0oGcAhq54vCgDuQ oK/CxNkHtapgqCtmSGraJ3nJgco1nuEntFEcUlFi1H28UfGcUu0tAqdlH2AayX0B9rG ou16H68bZijebidnOF1i2LOq0dF/jpWe+/VmuBfod8ZVLcj7uV4KQolla6QdTl+RW/ Zs3paJf8m1oJDUb9+uwYCLB88IODfn22ID+nKQ69XI6Y72gQ9Tsev2PZeltzJvz3xO 0/TXdxPhzE0SD+IwoPdxd/oUfBN8G3wfMgDl4Gh8Gb4CQ4C3jwV/B38E/wb+9Bb683 7B3MoffvLfY8CxpH7/v/AS0xiuQ=</latexit><latexit sha1_base64="XdSQ+hQNdNll Hu5hzAAcaZcMrzQ=">AAAHg3icbVXbbtw2EFXSJpu6lyTNY1/oCgZSe72Qdh0kD2nh wr2kQI24iO0EMA2D4s7KhCVKJql6FwQ/oF/T1/ZT+jcdai9ZSStIADVzeM7M0UhKyk xoE0X/3bv/yacPHvYefbb1+RdffvX4ydOvz3VRKQ5nvMgK9SFhGjIh4cwIk8GHUgHL kwzeJzdHPv/+T1BaFPLUzEq4zFkqxURwZjB09SSkNYdNMsZv3BY1MDVWz+RYFTloMu yTkUNUNIjqg3QX8WIRBovj5Orpwzd0XPAqB2l4xrS+iKPSXFqmjOAZoEyloURBloKt 9R3ZwdCYTAqFlzSkjjZwLNd6lieIzJm51u2cD27KXVRm8urSCllWBiSfC02qjJiCeE PIWCjgJpsRxjnWWzGDdfBrphg3aNxWQyhVrLwWfIotCMmzagz2lgvFK2EwJOGOF3nO 5NhSw1Ralc7uWjqd2dcR5H28fti1jlCmyKEl+8SRvdeDg0VmPby/ObxX0/hUC12HRxh 2/V2kfIUrOlG5LRwFOZ7OUPP2zm3tUAXtGt2qVOx0DBN6A4aEsaU4NX5BFZNp/cx8M lGsTmZ10Kc9zK12zvPh0PobG8aObvs9Nhy6BUhXSc2wfYWbtxdBlug57Up0jVYWKp9 nz5fZ83n2J8DpUnCMz/xtCYoZHGRqlLOnyu1YWixikuXgQ77D9fYTIYtcsMxdDC8tG qUrBX5+UAkm5jlNIBXS4mRlGYaVmLowJpSScEi8rY0MVSK9Nt+1NGipLOpMiD1xSwN KfNOgNikcWZprHC3w/tCc3UBSTC/qVwVtF9rf2nDkvJFuCd2vvWxMZanNPpaC0VoCP wXzl/qIzUBKcFalibPR4EU/6keuiTkWY+lLX4I8ZPCiBTrJqrzJ0oGcAhq54vCgDuQ oK/CxNkHtapgqCtmSGraJ3nJgco1nuEntFEcUlFi1H28UfGcUu0tAqdlH2AayX0B9rG ou16H68bZijebidnOF1i2LOq0dF/jpWe+/VmuBfod8ZVLcj7uV4KQolla6QdTl+RW/ Zs3paJf8m1oJDUb9+uwYCLB88IODfn22ID+nKQ69XI6Y72gQ9Tsev2PZeltzJvz3xO 0/TXdxPhzE0SD+IwoPdxd/oUfBN8G3wfMgDl4Gh8Gb4CQ4C3jwV/B38E/wb+9Bb683 7B3MoffvLfY8CxpH7/v/AS0xiuQ=</latexit><latexit sha1_base64="XdSQ+hQNdNll Hu5hzAAcaZcMrzQ=">AAAHg3icbVXbbtw2EFXSJpu6lyTNY1/oCgZSe72Qdh0kD2nh wr2kQI24iO0EMA2D4s7KhCVKJql6FwQ/oF/T1/ZT+jcdai9ZSStIADVzeM7M0UhKyk xoE0X/3bv/yacPHvYefbb1+RdffvX4ydOvz3VRKQ5nvMgK9SFhGjIh4cwIk8GHUgHL kwzeJzdHPv/+T1BaFPLUzEq4zFkqxURwZjB09SSkNYdNMsZv3BY1MDVWz+RYFTloMu yTkUNUNIjqg3QX8WIRBovj5Orpwzd0XPAqB2l4xrS+iKPSXFqmjOAZoEyloURBloKt 9R3ZwdCYTAqFlzSkjjZwLNd6lieIzJm51u2cD27KXVRm8urSCllWBiSfC02qjJiCeE PIWCjgJpsRxjnWWzGDdfBrphg3aNxWQyhVrLwWfIotCMmzagz2lgvFK2EwJOGOF3nO 5NhSw1Ralc7uWjqd2dcR5H28fti1jlCmyKEl+8SRvdeDg0VmPby/ObxX0/hUC12HRxh 2/V2kfIUrOlG5LRwFOZ7OUPP2zm3tUAXtGt2qVOx0DBN6A4aEsaU4NX5BFZNp/cx8M lGsTmZ10Kc9zK12zvPh0PobG8aObvs9Nhy6BUhXSc2wfYWbtxdBlug57Up0jVYWKp9 nz5fZ83n2J8DpUnCMz/xtCYoZHGRqlLOnyu1YWixikuXgQ77D9fYTIYtcsMxdDC8tG qUrBX5+UAkm5jlNIBXS4mRlGYaVmLowJpSScEi8rY0MVSK9Nt+1NGipLOpMiD1xSwN KfNOgNikcWZprHC3w/tCc3UBSTC/qVwVtF9rf2nDkvJFuCd2vvWxMZanNPpaC0VoCP wXzl/qIzUBKcFalibPR4EU/6keuiTkWY+lLX4I8ZPCiBTrJqrzJ0oGcAhq54vCgDuQ oK/CxNkHtapgqCtmSGraJ3nJgco1nuEntFEcUlFi1H28UfGcUu0tAqdlH2AayX0B9rG ou16H68bZijebidnOF1i2LOq0dF/jpWe+/VmuBfod8ZVLcj7uV4KQolla6QdTl+RW/ Zs3paJf8m1oJDUb9+uwYCLB88IODfn22ID+nKQ69XI6Y72gQ9Tsev2PZeltzJvz3xO 0/TXdxPhzE0SD+IwoPdxd/oUfBN8G3wfMgDl4Gh8Gb4CQ4C3jwV/B38E/wb+9Bb683 7B3MoffvLfY8CxpH7/v/AS0xiuQ=</latexit><latexit sha1_base64="XdSQ+hQNdNll Hu5hzAAcaZcMrzQ=">AAAHg3icbVXbbtw2EFXSJpu6lyTNY1/oCgZSe72Qdh0kD2nh wr2kQI24iO0EMA2D4s7KhCVKJql6FwQ/oF/T1/ZT+jcdai9ZSStIADVzeM7M0UhKyk xoE0X/3bv/yacPHvYefbb1+RdffvX4ydOvz3VRKQ5nvMgK9SFhGjIh4cwIk8GHUgHL kwzeJzdHPv/+T1BaFPLUzEq4zFkqxURwZjB09SSkNYdNMsZv3BY1MDVWz+RYFTloMu yTkUNUNIjqg3QX8WIRBovj5Orpwzd0XPAqB2l4xrS+iKPSXFqmjOAZoEyloURBloKt 9R3ZwdCYTAqFlzSkjjZwLNd6lieIzJm51u2cD27KXVRm8urSCllWBiSfC02qjJiCeE PIWCjgJpsRxjnWWzGDdfBrphg3aNxWQyhVrLwWfIotCMmzagz2lgvFK2EwJOGOF3nO 5NhSw1Ralc7uWjqd2dcR5H28fti1jlCmyKEl+8SRvdeDg0VmPby/ObxX0/hUC12HRxh 2/V2kfIUrOlG5LRwFOZ7OUPP2zm3tUAXtGt2qVOx0DBN6A4aEsaU4NX5BFZNp/cx8M lGsTmZ10Kc9zK12zvPh0PobG8aObvs9Nhy6BUhXSc2wfYWbtxdBlug57Up0jVYWKp9 nz5fZ83n2J8DpUnCMz/xtCYoZHGRqlLOnyu1YWixikuXgQ77D9fYTIYtcsMxdDC8tG qUrBX5+UAkm5jlNIBXS4mRlGYaVmLowJpSScEi8rY0MVSK9Nt+1NGipLOpMiD1xSwN KfNOgNikcWZprHC3w/tCc3UBSTC/qVwVtF9rf2nDkvJFuCd2vvWxMZanNPpaC0VoCP wXzl/qIzUBKcFalibPR4EU/6keuiTkWY+lLX4I8ZPCiBTrJqrzJ0oGcAhq54vCgDuQ oK/CxNkHtapgqCtmSGraJ3nJgco1nuEntFEcUlFi1H28UfGcUu0tAqdlH2AayX0B9rG ou16H68bZijebidnOF1i2LOq0dF/jpWe+/VmuBfod8ZVLcj7uV4KQolla6QdTl+RW/ Zs3paJf8m1oJDUb9+uwYCLB88IODfn22ID+nKQ69XI6Y72gQ9Tsev2PZeltzJvz3xO 0/TXdxPhzE0SD+IwoPdxd/oUfBN8G3wfMgDl4Gh8Gb4CQ4C3jwV/B38E/wb+9Bb683 7B3MoffvLfY8CxpH7/v/AS0xiuQ=</latexit>
extract
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FIG. 14. By placing a temporary “flag” on qubit 7 to catch
the bad internal X fault, fault-tolerant X error correction for
the [[7, 1, 3]] code can be implemented with four nonadaptive
stabilizer measurements, compared to five measurements in
Eq. (1). Since this method requires one more ancilla qubit, it
trades space for time.
measuring a fixed sequence of five Z stabilizers. Con-
sider instead measuring the following sequence of four
stabilizers:
X
X
I I I Z Z Z Z
I Z Z I I Z Z
Z I Z I Z I Z
I Z Z Z Z I I
(D1)
This is not enough for fault-tolerant error correction. As
indicated in red, an internal error on qubit 7 after the
second stabilizer measurement generates the syndrome
0010, which is confused with an input error on qubit 1
(indicated in orange). This is the only bad internal error,
however.
One way to fix this problem is to place a “flag” on
qubit 7, as shown in Fig. 14. By temporarily coupling
qubit 7 to another ancilla qubit, we ensure that if between
the second and third stabilizer measurements an X fault
occurs on qubit 7, it will be detected. Therefore this
internal fault can be distinguished from an input error on
qubit 1.
This technique of adding flags to catch internal faults
requires more qubits available for error correction; it
trades space for time. It easily extends to other codes.
First find all of the bad internal faults, then put flags
around them. (It is simplest to use separate flags for
all code qubits that need them. Using the same flag on
multiple code qubits is not directly fault tolerant, because
then a Z fault on the flag could spread back to more than
one code qubit.)
2. Partial parallel syndrome extraction
The bad internal fault in Eq. (D1) can also be fixed
by switching qubit 7’s interactions with the cat states
measuring the second and third stabilizers, as shown in
Fig. 15. Then the possible syndromes from an internal
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Cat 1
time 1
Cat 2
time 2
Cat 3
Cat 2
time 3
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FIG. 15. Another way of implementing [[7, 1, 3]] code fault-
tolerant X error correction with four nonadaptive stabilizer
measurements is to extract some syndrome bits in parallel,
partially reordered.
fault on qubit 7 are 0100 and 0110, which are both okay.
Again this technique trades space for time.
3. Parallel syndrome extraction
Alternatively, the bad internal fault in Eq. (D1) can be
avoided entirely by measuring the second and third sta-
bilizers simultaneously, using a fault-tolerantly prepared
six-qubit ancilla state, stabilized by
I I Z Z Z Z
Z Z Z Z I I
X X I I I I
I I X X I I
I I I I X X
X I X I X I
Since both syndrome bits are extracted simultaneously,
an X fault on the data can flip both or neither, but unlike
in (D1) cannot go between them.
With the [[7, 1, 3]] code, all three Z stabilizers can be
simultaneously measured, Steane style, using a seven-
qubit encoded |+〉 state. Measuring two at a time might
be more useful for larger codes.
4. Nonadaptive flagged fault-tolerant
syndrome bit extraction
Naively, measuring a weight-w stabilizer fault toler-
antly requires a w-qubit cat state that has been prepared
fault tolerantly. However, this is not necessarily the case.
Methods of using cat states more efficiently have been
developed by DiVincenzo and Aliferis [DA07], and by
Stephens [Ste14] and Yoder and Kim [YK17]—techniques
generalized in [CR18].
Flag fault tolerance [CR18, Rei18, CB18, TCL18] is
a technique that for certain codes uses just two ancilla
qubits to measure a weight-w stabilizer. In the simplest
±Z
±X
FIG. 16. A flagged circuit for measuring a weight-four Z
stabilizer. A Z fault on the syndrome qubit, initialized to |0〉,
can spread to a weight-two data error, but then will also be
detected by the X basis measurement of the flag qubit.
form of flag fault tolerance, a syndrome bit is extracted
all onto a single qubit, while an extra “flag” qubit is
used to detect faults that could spread backwards into
correlated data errors. For example, Fig. 16 shows a
flagged circuit for measuring the syndrome bit of a weight-
four Z stabilizer. A single Z fault can spread to a weight-
two data error, but then will also be detected by the X
basis measurement of the flag qubit, initialized as |+〉.
For a distance-three CSS code, when the flag is triggered
the possible Z errors spread back to the data are IIII,
ZIII, IIZZ and IIIZ. The error-correction schemes
given in [CR18] are adaptive; given that the flag was
triggered, additional X stabilizer measurements are made
to distinguish these four possibilities.
However, flag fault-tolerant error correction can also be
nonadaptive. For example, for the [[7, 1, 3]] code, consider
the following sequence of ten stabilizer measurements:
measure
with flags
measure with
cat states
}
1 3 2 4
1 3 2 4
1 2 3 4
1 3 2 4
1 3 2 4
I I I Z Z Z Z
I Z Z I I Z Z
Z I Z I Z I Z
I I I X X X X
I X X I I X X
X I X I X I X
I I I X X X X
I X X I I X X
I I I Z Z Z Z
I Z Z I I Z Z
(D2)
The first three Z stabilizer measurements can all be made
using flags, because they are followed by a full round of
X error correction. In fact, though, the five X stabilizer
measurements can also be made using flags, provided that
the interactions are made in the specified order, because
the final two Z measurements are enough to diagnose the
data error when a flag is triggered. (For example, should
either of the IIIXXXX measurements be flagged, the
possible errors X4, X7 and X5X7 are correctable using the
final two Z measurements. Should the XIXIXIX mea-
surement be flagged, the possible X1 error is not detected,
but this is okay for fault tolerance.) However, the last
two Z measurements cannot be made using flags, because
if a flag were triggered there would be no subsequent X
measurements to diagnose the error.
22
It is important to develop error-correction schemes,
nonadaptive or adaptive, that are both fast—requiring
few rounds of interaction with the data—and efficient in
the sense of using simple cat states or other efficiently pre-
pared ancilla states. Combining flag fault tolerance with
standard Shor-style syndrome extraction, as in Eq. (D2),
is a step in this direction, although its effectiveness will de-
pend on implementation details such as geometric locality
constraints.
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